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Introduction    As lotteries are increasing in popularity, some individuals have attempted to derive patterns to increase the chance of winning.  Although probabilities remain constant regardless of the technique of choosing numbers, we have noticed that there is often a pair of consecutive numbers in the winning list.  Our goal was to seek the probability that the winning ticket had at least one pair of consecutive numbers.


Any “powerball” is ignored since it is often drawn with replacement.  We considered a lottery consisting of n balls, numbered 1 through n.  Several balls, say k, are randomly selected without replacement.  The Missouri Powerball draws 5 balls from a pool of 55 and then places the drawn balls in numerical order.  For notational convention:

·  NC:  number of Non-Consecutive sequences

·  PC(n,k):  probability of at least two consecutive balls, drawing k balls from 1 through n.

For example, the probability in the Missouri lottery is:  PC(55,5).

First attempt    My initial idea was to construct a tree.  It shows the probability of each stem at a glance.  The first branch has k balls, second branch with k-1 balls, and so on.  Simply add up all the consecutive pairs to deduce the probability.  It is clear that you must have at least 2k-1 balls to have non-consecutives.  For example, when drawing 3 balls you must have a pool of at least 5.  It is clear from a (5,2) tree that the middle 3 branches, {2,3,4}, have 2 consecutive pairs per branch, or 2(n-2).  Outside branches, {1,5}, have 1 each.  The total number of stems are products of branches, or n(n-1).  This results in the formula 
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The result holds for all n.  Since the result came within 15 minutes, it seemed k>3 would also be easy.  

For k>3 the first and last branches would have to be considered separately since they only neighbor one other number.  With three columns of branches, the predominant difficulty was the necessity of comparing each column with the others.  For example, if the balls drawn are 4, 7 and 9, then each of these three have to be compared with the other.  Recursive formulas were compiled to accommodate branch columns, middle numbers, and ends.  The generalized formula for n=5, k=2 turned out to be:
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The formula varied by n with exponential increase.  After much investigation, I discovered that complexity was a direct result of the distance between two numbers.  

Another approach    It was noted that non-consecutive balls have distances great than one after being placed in order.  We choose x1, x2, …, xk to represent the selected lottery numbers.  Let d1, d2, …, dn represent the amount of balls between numbers.  For instance, the distance between 27 and 29 is 1.  Zero is included to create consistency among distances.  To find the number of non-consecutive numbers, we add up the total ordered sequences that have distances ≥1 for all k.

The probability of an event is only true if all outcomes are equally likely.  It can be shown that there exists a 1-1 correspondence between X={x1, x2, …, xk} and D={d1, d2, …, dk+1}.  For instance, given n=8, X={2,5,8}, then D={1,2,2,0}.  Conversely, given n=8, D={1,2,2,0}, then x={2,5,8}.

For our summation we need to find the upper bounds.  For PC(10,3) we know{6,8,10} are the last possible non-consecutive balls.  This helps us find the upper bounds for summations.

· 1 ( x1 ( 6

· d1+1 ( x2 ( 8

· (d1+1)+(d2+1) ( x3 ( 10

· d4 is neglected since it is simply xk to n

To generalize summations across all n lottery numbers, we must find the upper bound for the left summation.  The largest d1 can be is n-k-(k-1)+1=n-2k+2.  We also note that grabbing another ball constitutes a new summation.  This yields
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The result of 56 non-consecutives was verified by hand, giving us hope for the distance approach.  Further simplification of the formula yields  [(n-4)(n2-5n+6)]/6.  This gives the number of non-consecutive sequences with 3 balls.  The probability of NC sequences for 55 chosen 3 at a time is NC/ncr(55,3)=89.3%.  Subtract from 1 for consecutives: 10.7%.  I applied the same process for n=10, k=4 for summations: 
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Again, this result was the same we had obtained prior.  With this observation, I generalized for (n,4) to obtain [(n-6)(n-5)(n-4)(n-3)]/24.  At this point, I was starting to see a pattern so I jumped to k=6.
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Again, this simplifies to [(n-10)(n-9)(n-8)(n-7)(n-6)(n-5)]/720.  Combining these elements, I derived the formula for the number of non-consecutive sequences from n choose k balls:
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Dividing by ncr(n,k) and subtracting from 1 gives us our answer: 

(2)
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To answer our original problem on the probability that the Missouri Powerball will have at least one pair of consecutive numbers (ignoring the “powerball”), compute PC(55,5).  Answer:  32.47%.  When six balls are drawn, the probability is 45.18%.

Minimum k    Our problem can be compared to the famous Birthday Paradox.  The paradox asks, “What is the minimum number of people who need to be in a room so that the probability that at least two of them have the same birthday is greater than ½?”1  It is similar to our problem since it is solved by considering birthdays without replacement.  As the number of people increase, the probability that birthdays are the same increases dramatically.  Against intuition, only 23 people are needed in one room for the probability to be greater than 50%.


Similarly, for a given pool of balls, we ask what the minimum k can be for the probability of consecutivity to be greater than ½.  Some amounts are surprising.  

	N=
	4
	5
	10
	20
	25
	50
	100
	150
	200
	1000

	Min(K)=
	2
	3
	3
	4
	5
	7
	9
	11
	12
	27


A further idea for research is considering 3 or more balls in a row, such as 14, 15, and 16.  We have currently found the probability of at least a pair of consecutive balls.  Although the chances of drawing the winning ticket have not increased, it is evident that consecutive balls are not an anomaly.  
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