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ABSTRACT. Given a Noetherian local ring (R, m) it is shown that there exists an integer
¢ such that R is Gorenstein if and only if some system of parameters contained in m?
generates an irreducible ideal. We obtain as a corollary that R is Gorenstein if and only
if every power of the maximal ideal contains an irreducible parameter ideal.

1. INTRODUCTION

It is well-known that a commutative Noetherian local ring (R, m) is Gorenstein if and
only if R is Cohen-Macaulay and some ideal generated by a system of parameters (s.o.p.) is
irreducible. Perhaps less widely known is a result of Northcott and Rees which states that if
every ideal generated by an s.o.p. (henceforth called a parameter ideal) is irreducible then R
is Cohen-Macaulay [NR, Theorem 1]. Thus, R is Gorenstein if and only if every parameter
ideal is irreducible. There are, however, easy examples of non-Gorenstein rings possessing
irreducible parameter ideals: (y)R is irreducible in the local ring R = Ql[[z,y]]/(z?, zy),
while (y™)R is reducible for all n > 2. In 1982, S. Goto showed that if there exists an s.o.p.
x1,...,2q for R such that (z7,...,2)) is irreducible for all sufficiently large n then R is
Gorenstein [G, Proposition 3.4]. Rephrasing Goto’s result, if R is not Gorenstein then for
every s.0.p. Ii,...,oq of R there exists an integer n (depending on the s.o.p.) such that
(«,...,2}}) is reducible. In light of this, given a non-Gorenstein local ring R it is natural
to ask whether there exists a uniform exponent n such that (z7,...,2}) is reducible for all
$.0.p.’s 1,...,x4 of R. Our main result (Theorem 2.7) gives an affirmative answer to this
question:

Theorem: Let (R, m) be a Noetherian local ring. Then there exists an integer ¢ such that
R is Gorenstein if and only if some parameter ideal contained in m’ is irreducible.

As a consequence, a local ring R is Gorenstein if and only if every power of the maximal
ideal contains an irreducible parameter ideal. The integer ¢ identified in this theorem may
be taken to be the least integer § such that the canonical map

Exth(R/m’, R) — limExt%(R/m", R) = H{,(R)
is surjective after applying the functor Homg(R/m, —), where d = dim R.
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We note that the theorem above has previously been established when R is quasi-
Buchsbaum or when R has finite local cohomologies and H?, (R) # 0 for at most two positive
values of i. These results are either explicitly stated or obtained as easy consequences of
[GSal, Corollary 3.13], [GSa2, Theorem 4.2], [LR, Corollary 2.2], and [R, Corollary 3.4]

A condition weaker than what is studied here was investigated by Hochster: R is called
approximately Gorenstein if every power of m contains an irreducible m-primary ideal.
While approximately Gorenstein rings must have positive depth, they need not be Cohen-
Macaulay. In fact, every complete Noetherian domain is approximately Gorenstein [Ho,
Theorem 1.6].

2. MAIN RESULTS

As general references for terminology and well-known results, we refer the reader to [Mat]
or [BH]. Throughout, R denotes a Noetherian local ring with maximal ideal m and M is a
finitely generated R-module. The socle of M is defined to be (0 :py m) = {z € M | mx = 0},
and is denoted by Socg M, or simply Soc M if there is no confusion about the ring. It is
clear that Soc(—) is a left exact covariant functor in a natural way. We identify this functor
with Hompg(R/m, —).

In the sequel we adopt the following notation: For a sequence of elements x = x1, ..., z,

of R and t € N we let x' denote the sequence z, ..., zL. The Koszul chain complex on R

) T
with respect to x is denoted by K (x) For an R-module M, the ith Koszul cohomology
of M with respect to x, denoted by H'(x; M), is the ith cohomology of Homp(K (x), M).
For 1 < s < t there exist canonical chain maps ¢%: K(x!) — K(x*) which induce natural

homomorphisms
Hi(x%; M) — Hi(x'; M)
for all i. By [Gr, Theorem 2.8], we have lim Hi(x"; M) = H%x) (M), the ith local cohomology

of M with support in (x).
Following [Hu|, we define the limit closure of a sequence x on a module M as follows:

Definition 2.1. Let x = x4, ..., 2, € R and let M be an R-module. Define
{x}lj/r[n = U ((x?“, . ,x,’?“) M ozt alt) .
n>0

Remark 2.2. For asequence x = z1, ..., z, of R consider the direct system {M/(x")M },>1
given by the maps

B
MM BT v M
for 1 < s <t. Then the kernel of the canonical map

M /(x)M — lim M/(x")M = H, (M)

(x

is {x1,... ,a:r}lji\?l/(xl, cexe) M.

The following proposition is known in a more general setting [St, Theorem 5.2.3|, but we
include a brief proof for the reader’s convenience.

Proposition 2.3. Let x1, ..., xr € m and let M be a finitely generated R-module. Assume
that {x1, .. .,xr}lj}n = (z1,...,2.)M. Then x1, ..., x, is a reqular sequence on M.
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Proof. We proceed by induction on r. In the case r = 1, let x = x1. Suppose {:c}lﬁn = ()M
and za = 0 for some a € M. We claim that € (z¥)M for all £ > 0. This is clearly true
for k = 0, so suppose o = z*3 for some k > 0 and 3 € M. Then zF*'3 = 0, and thus
B e {x}%}n = (z)M. Hence, a € (z*') M. As z is in the Jacobson radical and M is
finitely generated, Ng(2¥)M = 0 by Krull’s Intersection Theorem. Hence, o = 0 and z is a
non-zero-divisor on M.

Suppose now that r > 1. To complete the proof, we will show the following:

(1) {1,z P = (2, ..., 1) M.

(2) =, is a non-zero-divisor on M/(x1,...,z,—1)M.
Item (1) will allow us to use the inductive hypothesis to conclude that zj, ..., x,_; is a
regular sequence on M.

To prove (1), let « € {1, ... ,a:r_l}l]{/}n. We claim that forall k > 0, a € (x1,...,2,—1) M+
(zF)M. Again by Krull’s Intersection Theorem, this will imply that o € (x1,...,2,_1)M.
The case k = 0 is clear, so suppose a = w + x¥3 where w € (x1,...,2,_1)M and 3 € M.
Thus, z¥3 € {1, ... ,xr_l}lj}[n. Hence, there exists ¢ > 0 such that

t k t+1 t+1
(z1-xp_)tayB e (a1, . 2lt]) M.
Multiplying by (z1 - - - z,_1)*z, we obtain
A3 € (51 A M (50

Hence, 8 € {z1,... ,:U,,}l]g[n = (21,...,2,)M. Thus, a € (x1,...,2,_1)M + (xFT1) M.
The proof of (2) is similar: Suppose z,a € (x1,...,2,—1)M for some a € M. We
claim that o € (21,...,2,—1)M + (z¥)M for all k£ > 0. Suppose a = w + 2¥3 where w €

(x1,...,2,_1)M and 3 € M. Then z,a = z,w + z¢T13. Hence, zF13 € (x1,...,2,_1)M.

Multiplying by (1 ---2,_1)**!, we obtain that
(1 -- -$r)k+1ﬁ € (ac]f+2, ... ,xfi‘f)M - (xlf+2, .. ,a:ff‘*'Q)M.
Hence, g € {z1,... 7%}1]\1211 = (z1,...,2,)M and « € (21, ..., 2p—1) M + (zF1) M. O

Definition 2.4. Let (R,m) be a local ring, let M be a finitely generated R-module, and
let ¢ > 0. We will define the invariant ¢;(M). By applying Ext’;(—, M) to the system of
surjections

- — R/m?® — R/m? — R/m
we obtain a direct system whose limit is lim Ext(R/m™ M) = H! (M). Since direct limits
commute with Homp (R/m, —),

lim Soc Extiz(R/m", M) = Soclim Exti(R/m", M) = SocH,, (M) .

Since Hi, (M) is Artinian, Soc H, (M) is finitely generated, and so there exists a nonneg-
ative integer § such that the map Soc Exty(R/m!, M) — SocH!, (M) is surjective for all
t > §. We define ¢;(M) to be the least integer § with this property.

Let M be a finitely generated R-module. We say an ideal ¢ = (z1,...,24) is a parameter
ideal for M if d = dim M and dim M /qM = 0. The following proposition is essentially
[GSal, Lemma 3.12].
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Proposition 2.5. [GSal, Lemma 3.12] Let (R,m) be a Noetherian local ring, let M be a
finitely generated R-module of dimension d, and let i > 0. For all systems x1,...,Tq = X
of parameters for M contained in m* ) | the map

Soc H!(x; M) — SocH! (M)
induced by the canonical map H'(x; M) — lim H(x™; M) is surjective.

Remark 2.6. There are two differences between the above result and [GSal, Lemma 3.12].
The first difference is that in [GSal, Lemma 3.12], instead of defining each integer ¢;(M)
independently, the integer maxgl:1 £;(M) is used so that one power of the maximal ideal
works to make all of the canonical maps surjective on the socles. In this paper, we only
need Proposition 2.5 for the dth local cohomology module, so to avoid overestimating we
introduce the integers ¢;(M) independently.

The second difference is that the result [GSal, Lemma 3.12] is stated for systems of
parameters of the ring R instead of the module M. However, this is remedied in [GSa2,
Corollary 2.15] by passing to the ring R/ Anng M.

The main result now follows readily from the two propositions above:

Theorem 2.7. Let (R, m) be a Noetherian local ring, let M be a finitely generated R-module
of dimension d, and let ¢ = Ly(M). Then M is Cohen-Macaulay with Cohen-Macaulay type
(M) = 1 if and only if some parameter ideal q for M contained in m® has the property that
qM is irreducible.

Proof. Tt suffices to show that if there exists a system of parameters x = x1,...,xq for M
contained in m’ such that (x)M is irreducible then M is Cohen-Macaulay. Let ¢ denote
the canonical homomorphism from HY(x; M) = M/(x)M to lim H(x™ M) =HZ (M). By
Remark 2.2 we have an exact sequence

lim
0— ‘Ejﬁ — (X]‘fM 2. Hd, (M),

Applying the socle functor and using Proposition 2.5 we obtain the exact sequence

lim
0 — Soc {(i)ﬁ — Soc (XJ\)JM — SocH? (M) — 0.

Since HY, (M) is a nonzero Artinian module, it has a nonzero socle. Since (x)M is irre-
ducible, M /(x)M has a one-dimensional socle. Hence, Soc({x}ﬁ}n /(x)M) = 0, which implies
{X}R}n = (x)M. By Proposition 2.3, we see that x is M-regular, M is Cohen-Macaulay and
r(M) = dimpg/,,, Soc HE, (M) = 1. O

Corollary 2.8. Let (R,m) be a Noetherian local ring. Then R is Gorenstein if and only if
every power of the mazimal ideal contains an irreducible parameter ideal.

Proof. Take M = R in Theorem 2.7. U
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