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Review: Rings 2

Recall that a ring is a set R such that we can ‘add’

‘subtract’ and ‘multiply’ within R. We will focus only on

rings which are finite and commutative, and which have a

nonzero multiplicative identity.

Examples: Zn, Z2[x]/(x2), Zp × Zq

Much of ring theory is motivated by the

abstraction of the properties of Z.



Review: Rings 3

Important Theorem: Every finite commutative ring is

isomorphic to a direct product of finite commutative local

rings, unique up to a permutation of the factors.

This result allows us to study (finite commutative)

rings in two chunks: local and nonlocal.



What is a local ring? 4

A subring is a subset of a ring that satisfies the ring

axioms. There is a special type of subring called an ideal ;

this has the additional property that the product of any

ring element with any ideal element is in the ideal.

For example, 15Z is an ideal of Z.



What is a local ring? 5

An ideal is maximal if it is a largest nontrivial ideal. In

general, a ring can have many maximal ideals.

Counterexample: 15Z is not a maximal

ideal of Z because 15Z ⊂ 3Z.

A ring is local if it has one and only one maximal ideal.



What is a local ring? 6

Example 1: The finite field Fpα is local; it has only the

zero ideal.

Example 2: Z12 is not local; {0, 2, 4, 6, 8, 10} and

{0, 3, 6, 9} are both maximal ideals.



Ideal Products and Powers 7

We can define a product on ideals as follows:

IJ = {Σij : i ∈ I, j ∈ J}

The product of two ideals is an ideal.

We can take powers of an ideal with recursive

multiplication.

Important Theorem: If R is a local ring with maximal

ideal M , then there is an integer n (called the index of

nilpotency) such that Mn 6= 0 and Mn+1 = 0.



Zero-divisors 8

Ring elements may not have multiplicative inverses. This

means we may have elements r 6= 0 and s 6= 0 such that

rs = 0. In a sense, r and s divide zero- so we call them

(nonzero) zero-divisors.

In a local ring, the zero divisors are precisely the nonzero

elements of the maximal ideal.



Review: Graphs 9

Recall that a graph consists of a set of

vertices and a set of edges among them.

Graphs can be imbedded in (drawn on) surfaces.



Review: Graphs 10

The crossing number of a graph G with respect to a

surface S is the smallest n such that G can be imbedded

in S with n edge crossings.

The orientable genus of a graph G is the smallest k such

that the crossing number of G with respect to the

k-handled sphere is 0.



The Mashup: Zero Divisor Graphs 11

We can define the zero-divisor graph of a ring

R (denoted Γ (R)) as follows:

• Vertices are the nonzero zero-divisors of R

• Two vertices are adjacent if their product is zero

The zero-divisor graph preserves information about the

annihilator structure of a ring.



Zero Divisor Graphs: Examples 12
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Zero Divisor Graphs: Examples 13
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Genus Bounds 14

We can determine two lower bounds for the genus of a

zero divisor graph: one for local rings and one for

nonlocal rings. Both work by constructing a complete or

complete bipartite subgraph of Γ (R).

If R is local with |R| = pk and index of nilpotency n, then

γ (Γ (R)) ≥

⌈

1

12

(

p⌊
n+1

2 ⌋ − 4
) (

p⌊
n+1

2 ⌋ − 5
)

⌉

.

If R is not local with m local factors, then

γ (Γ (R)) ≥

⌈

1

4

(

2⌊m/2⌋ − 3
) (

2⌈m/2⌉ − 3
)

⌉

.



Genus Bounds 15

To find all the finite commutative rings of genus g (in my

case g = 2), we can use these bounds to eliminate all but

a finite number of rings from consideration. Then the

enumeration reduces to several pages of very boring case

analysis.

However, along the way I encountered

something not so boring...



Ring Isonihilations 16

We saw that Γ
(

Z5[x]/(x2)
)

and Γ (Z25) are different

rings with the same zero divisor graph – they have the

same annihilator structure. This example motivates the

following definition:

Two rings R and S are isonihilate, denoted R ooOO S, if

there is a bijection Φ : R → S such that, for r1, r2 ∈ R,

we have r1r2 = 0 iff Φ(r1)Φ(r2) = 0.



Ring Isonihilations 17

ooOO is an equivalence relation. Note that R ooOO S implies

Γ (R) ∼= Γ (S), but not vice versa. Also, it’s not hard to

show that if R1
ooOO R2 and S1

ooOO S2, then

R1 × S1
ooOO R2 × S2.



Ring Isonihilations 18

Now we can explain the anomaly from before.

Elements of Zp[x]/(xk) are polynomials in x with

coefficients from Zp and degree less than k:

π(x) =
k−1
∑

i=0

αix
i, αi ∈ Zp.

Elements of Zpk are p-adic numbers with less than k

digits:

q =
k−1
∑

i=0

αip
i, αi ∈ Zp.



Ring Isonihilations 19

The function Φ(π(x)) = π(p) is bijective and preserves

zero products. Hence, Zp[x]/(xk) ooOO Zpk .

In fact, lots of rings are isonihilate to other rings.

Classifying rings according to their genus is, in the

absence of a graph imbedding algorithm other than trial

and error, Very Hard. By exploiting isonihilations, we can

considerably reduce the amount of work necessary.



Why? 20

There is a lot of uncharted territory in the land of finite

commutative rings. It is hoped that the study of zero

divisor graphs can help illuminate the metastructure

among rings.



What Next? 21

From here, there are several open problems:

• What rings are orientable genus 3, 4, ... ?

• Are the local rings of order pk partially ordered by

the subgraph relation? Are the isonihilation classes

totally ordered?

• Which zero divisor graphs are Hamiltonian?

• What about the zero divisor digraph of a

noncommutative ring?


