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Waterborne Diseases

e Mainly caused by protozoa or bacteria present in water.

e Waterborne diseases are one of the leading causes of death in
low-income countries, particularly affecting infants and
children in those areas.

e The models we have been studying use mainly V. cholera as
an example.

e Vast majority of models in the literature consider one single
community.

e First networked connectivity model introduced in late 2012.
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Why Are We Studying This Model?

Learn about dynamical systems

To gain a better understanding of:

e Onset conditions for outbreak
e The spread of diseases by hydrological means

Insight
e Emergency management

New health-care resources
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Reproduction Matrices/Values

e Ry is known as the basic reproduction number in SIR and
related models.

e This stands only when n =1 (most research articles study only
this case)

e Outbreak occurs when Ry > 1

e With networked connectivity, this statement does not hold.

e For connectivity models, we study Gg, or the generalized
reproduction matrix. When the dominant eigenvalue of this
matrix crosses the value one, an outbreak will occur. This
value is independent from the values of Ry;.
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Bifurcations

e Bifurcation occurs when small changes in parameters imply
drastic changes in the solutions, number of equilibrium points,
or their stability properties.

e Disease-free equilibrium

e Transcritical Bifurcation
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The Model

Consider n communities (nodes). For i=1,...,n, let

S; = number of susceptibles in node i

I; = number of infectives in node i

B; = concentration of bacteria in water at node i

Spatially explicit nonlinear differential model

e Communities are connected by hydrological and human
mobility networks through which a disease can spread.
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Strongly Connected

Graph (P U Q) is strongly connected.
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The Epidemic Model (Gatto et al.)

Fori=1,...n (3n differential equations)

ds; -

e w(H; — S;) — [ (1 — ms)Bif( ms Qijﬁjf(Bj):| Si

j=1

dl;

& = |(=m)Bif(B)+ msZQUBJ B))|Si — ¢l;

dB; w;

dt = _MBBI+/(j_1 PVVJB B) |:(1_ml +Zleﬂ :|
where f(B;) = B;

K+ B;’
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(Local)Stability Analysis of a Single Community

For n =1, the model is

ds
dt
dl
dt
daB
dt

= u(H-S5)-pBf(B)S

= pf(B)S — ¢l

= (nb— mb)B + pl

where f(B) =

K+ B’
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Linearization

Definition

A set S C R" is said to be invariant with respect to x’ = f(x) if
x(0) € S = x(t) € S for all t > 0.

Linearization Technique:

Consider the nonlinear system x’ = f(x) in R"

Let xp be a hyperbolic equilibrium point (f(xp) = 0)

Local stability analysis: Study the linear system  x’ = Ax, where

roh .. Of 7
Ox1 OXn
A = Df(xp), Df(x) =
Ofy ... Of
L 6X1 8X,, -
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(Local)Stability Analysis of a Single Community

Theorem

Stable Manifold Theorem: Let E be an open subset of R" containing
the equilibrium point xy of x' = f(x), and let f € C}(E). Suppose that
Df (xo) has k eigenvalues with negative real part and n — k eigenvalues
with positive real part. Then there exists a k-dimensional differentiable
manifold S tangent to the stable subspace E° of the linear system

x" = Ax at xp such that S is invariant, and solutions approach xy as

t — 0o. And there exists an n — k dimensional differentiable manifold U
tangent to the unstable subspace E" of x' = Ax at xy such that U is
invariant and solutions move away from xg as t — oo.

Theorem

Hartman - Grobman Theorem: Let E be and open subset of R"
containing a hyperbolic equilibrium point xy of x' = f(x), and let

f € CLY(E). Then there exists a homeomorphism H of an open set U
containing xo into an open set V' containing xo such that H maps
trajectories of x' = f(x) near xp onto the trajectories of x' = Ax near xg.
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(Local)Stability Analysis of a Single Community
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(Local)Stability Analysis of a Single Community

For this model, the general Jacobian is

[ BB o BSK ]
k1B (K + B)?
J(S,1,B) = BB _ BSK
K+ B (K + B)2
i 0 p nb—mb |
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Disease-Free Equilibrium

St=H, ;=0 B =0

- BH T
po 0 %
K
| O p nb—mb |

Characteristic Equation:
P(A) = M+ (u+¢—nb+ mb)\>+
H
+ (,u(b + (1 + ¢)(mb — nb) — ﬁp>)\+

K
pBHp

b— uénb —
+upmb — pon %
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Routh-Hurwitz Criteria

Theorem (Routh-Hurwitz)

Given the polynomial,
PA)=A"+a A" 14+ . +a, 1)+ ap,

where the coefficients a; are real constants, i=1,...,n. For
polynomials of degree n=3, the Routh-Hurwitz criteria are
summarized by

a; >0, a3 >0, and ajar > as.

These are necessary and sufficient conditions for all of the roots of
the characteristic polynomial (with real coefficients) to lie in the
left half of the complex plane (implying stability).
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Disease-Free Equilibrium

By applying the Routh — Hurwitz Criteria to the characteristic
equation, it was found that a; > 0, a3 > 0, and a;a> > a3, were
true for the following inequalities,

¢K(mb — nb)

>H=2J5.
Bp 0

mb > nb, S;=

Let Ry = % then Ry < 1 and our equilibrium is stable.
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Basic Reproduction Number Ry

B pSo So

In the previous model, Ry = m S
— C

How is Ry

determined in general?

Theorem (Castillo-Chavez et al.)

Consider the (ny + n2 + n3)-dimensional system

x' = f(x,E,I)
E' = g(x,EI)
I' = h(x,E,I).

Let (x*,0,0) be the disease-free equilibrium. Assume the equation
g(x*, E, 1) = 0 implicitly determines a function E = g(x*, 1), and
let A Dyh(x*, 8(x*,0),0). Assume further that A can be written

asA=M— D, where M > 0 and D > 0 is diagonal. Then,

Ro = p(MD™1).
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Lyapunov Functions and Global Stability

Definition

Let £ be an open set in R", and let xyg € E. A function

Q: E C R"— Ris called a Lyapunov function for x" = f(x) if
Q € CY(E) and satisfies Q(x0) =0, and Q(x) > 0 if x # xo.

Theorem

Let Ry < 1, mb > nb, and let w be a left eigenvector of the matrix
V~IF corresponding to Ry = p(V~1F), then the function

Q(x) =w'V~x is a Lyapunov function of the system of
equations for n=1 satisfying Q'(x(t)) < 0.
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Lyapunov Functions and Global Stability

Our system can be written as compartmental model
X' =F"(x,y) = V*(x.y), Y =g(x.y)

where x = [I, B]T € R? is the disease compartment and
y = S € R is the disease-free compartment, respectively. And

* *

OF; oV,
= ! = ! <j i<
F |: aXJ (0,)/0) :| and V |: (9XJ (anO) :| ) 1 snLJj=sn
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Lyapunov Functions and Global Stability

Let F* = bS8 / ' and V* = [—¢/ (mb— nb)B]", then the
“|lk+B P - ’
matrices F and V are given by
BH
F=| 0 % v=|o °
p 0 ’ 0 mb—nb |-
The matrix
o PH
V'F = Ko
P 0
mb — nb
leads us to
BHp
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Lyapunov Functions and Global Stability

b — nb
The left eigenvector is found to be w’ = |:1 Ro( mb—n ):| As
Q(x) = w'V~1x, we can now write it as
! 0 /
mb — nb 5 i RoB
Q=1 Ry )} ¢ 1 =L ho®
P 0 B @ P
mb — nb

Now let f(x,y) = (F—V)x —x’ and Q' =w'V~Ix' = (Ry — 1)w x —wTV~1f(x, y),
where
BHB  3SB
fx.y) = [ K8 ]
0

- RoB (b)) _PB(H S
Q 7(R0—1)(I+ - (mb nb)) 3 (K K+B>S0'
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Lyapunov Functions and Global Stability

Theorem (LaSalle’s Invariance Principle)

Let Q C D C R" be a compact invariant set with respect to x' = f(x). Let
Q : D — R be a C! function such that Q'(x(t)) <0 in Q. Let E C Q be the set of all
points in Q where Q'(x) = 0. Let M C E be the largest invariant set in E. Then

lim [inf ||x(t)—y||} = 0.

t—oo |yeM
That is, every solution starting in £ approaches M as t — oo.

Theorem

Let Q2 be any compact invariant set containing the disease-free
equilibrium point. Let f, F, and V be defined as above. Suppose Ry < 1,
mb > nb, and f(x,y) >0, F >0, V™' >0, f(0,y) = 0. Also, assume
the disease-free system y' = g(0, y) has a unique equilibrium y = yo >0
that is globally asymptotically stable in R. Then, the disease-free
equilibrium is globally asymptotically stable in Q.
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Lyapunov Functions and Global Stability

The disease-free system y’ = g(0, y) is equivalent to
S" = uH — uS, whose solution is S = H + e #tC.

vo = H is globally asymptotically stable in the disease-free system.

Q' = (Ry — 1)w'x —w V7 f(x,y). Assuming Q' = 0 implies

x = 0. Then, the set of all points where @ =0 is
E={(l,B,S): 1 =B =0}. The largest and only invariant set in
E is (0,0, H).

Therefore, the disease-free equilibrium is globally asymptotically
stable in Q.
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Endemic Equilibrium

The endemic equilibrium represents a single isolated community
where there is interaction between susceptibles, infectives, and
bacteria in water.

gx _ _MH(K+B)

2 7 wWK+B)+p3B
oo BBuH

2 ¢(u(K + B) + 8B)
2

¢(p + B)(mb — nb)
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Endemic Equilibrium

BB _ BSK
Let A= K+ B and C = (K+ B’
—(n+A) 0 -C
0 p nb—mb

Using Routh-Hurwitz criteria: As long as H > S, (or Ry > 1), all
real parts of the eigenvalues are negative, making the endemic
equilibrium locally stable.

Therefore, endemic equilibrium is stable exactly when disease-free
equilibrium is unstable.
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Phase Portrait

B=1,¢=0.2 pu=0.0001, p=10, mb=0.4, nb=0.067, H=
10000, K = 1000000 and S. = 6660
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Bifurcations

Theorem (Sotomayor)

Consider x' = f(x, «), where x € R" and « is a parameter. Let
(x0, ) be an equilibrium point and assume A = Df(xq, ) has a
simple eigenvalue A = 0 with eigenvector v, and left eigenvector w.
If

w'f,(x0,a0) =0,
w " [Df,(x0, cxg)v] # 0,
w ' [D?f(xo, atg)(v,v)] # 0

then a transcritical bifurcation occurs at (xo, ap).

Note: D2f (x0)(u, v) Z Z
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Bifurcations

Theorem
The n = 1 system undergoes a transcritical bifurcation at the
disease-free equilibrium point (S5, If, By) = (H, 0, 0) when

b= ¢(mb — nb)K

GH , and mb > nb.

Proof:
Stability of the system at the equilibrium point depends on the
bottom right 2 x 2 matrix of J, given by

_BH
K
BH
BH * _¢ K
K J _|: }

= _ K
] 0 ¢ p nb—mb

0 p nb—mb

¢(mb — nb)K

When the detd* =0, p=pg = GH
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Sotomayor's Theorem

To satisfy the first condition of the theorem, wap(xo, po) =0, we

0
have w’ = {O 1 %} and f, = | 0 |. Then,
/
_ ¢ 0
w'f,(xo,p0)=[01=| | 0| =0
L P 0
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Sotomayor's Theorem

To satisfy the second condition of the theorem,
0 00

w T [Df (0, pg)v] # 0, we have Df, = | 0 0 0 |. Then

010
~ —,BH -
000 Ku
WT[Dfp(XOaPO)V]:{O 1 ¢]( 000 mb — nb )
P p
010
L 1 i
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Sotomayor's Theorem

To satisfy the third condition of the theorem, w ' [D?f(xo, py)(v, V)] # 0,

we have
22 +1)
D*f(xg, po)(v,v) = —2}@"(% +1) |. Then
0
25 (2 +1)
w ' [D?*f(xo, po)(v,v)] = [O 1 qpﬁ] —2575'(5 +1)
0
= —%(g +1)#0
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Bifurcations

Figure : p < pg
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Bifurcations

Figure : p = po

0

e
w0
£
s

0

=
00
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Bifurcations

Figure : p > pg
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Hopf Bifurcation

A stable focus (solutions spiral toward the equilibrium) corresponds to
A = a=+ bi where a < 0. When a = 0, stability may be lost, periodic
orbits may appear, and a Hopf Bifurcation could occur. The main the
condition to prove the existence of a Hopf Bifurcation is A = +bi.

Proposition: A Hopf Bifurcation at the DFE does not exist.

Proof.

For the lower right block of Jacobian at the equilibrium, we have:

T =—¢+ (nb— mb) and D = (—¢(nb — mb)) — (pSH/K). To obtain
purely imaginary eigenvalues, we must have T =0 and D > 0. But

T =0 is only possible if nb > mb. But then D < 0. O
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Periodic Solutions

s Criterion in R")

dx
A simple closed rectifiable curve which is invariant with respect to the differential equation, — = f(x), cannot

exist if any one of the following conditions is satisfied on R" :

] of,  ofs o,
(:)sup{—Jrer > (‘
Oxr  Oxs  qr,s \ | Ox

of
+ ==
Oxs

):1§r<s§n}<0,

of; Ofs of, Ofs
(fi)sup{—’+ 5+Z< 2] s):1§r<s§n}<0,
Oxr  Oxs  qr,s \ | Oxq Axq
(i) A1 4+ A2 < 0,
ofy Ofs of; of;
iv)inf{ ~ 4 5+Z<' ! J>:1§r<s§n}>o,
Oxy OXs  qr,s Oxy Oxs
ofy Ofs ofy Ofs
(v)sup{—JrerZ( ):1§r<s§n}>0,
Oxr  Oxs  qr,s \ | Oxq 9xq

(Vi) An—1 + An > 0.

where the \; are the ordered eigenvalues of M = % [Df(x) 4 Df(x)T] .
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Periodic Solutions

SUP{fufﬂ(%)%ﬂrp, —¢(nb—mb)+ 25, —puc+(nb—mb)+ 2 }<O

P < ut+BGEg) +o
p < (nb—mb)+(ffg2+ﬂ+B(K+B)
p < (nbfmb)+(K+Bz+¢+B(K+B)
po> bt mbt -2 — B 4 p
¢ < p
¢ > nb— mb+(K+B)2

_BSK
¢ = —nb+mb+ - _K+B+p
¢ = n
¢ > nb—mb+

(K+B)
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The Networked Epidemic Model

First consider n =3 (i =1,2,3). This gives 9 differential
equations:

ds = uw(H—S;) - {(1 — mg)Bif(B;) + ms Z Qijﬁjf(Bj):| Si

dt
j=1

di; = {(1 — mg)Bif(Bi) + ms Z QiBif(B; )} Si— ¢l;

dt
Jj=1
dB; W,
o = MBB+/<ZID/'WB B) W[(l—m,l—&—Zm,QJ,}

Jj=1 Jj=1
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(Local) Stability Analysis of Three Communities

Jacobian J at disease-free equilibrium is

r—n 0 0 0 0 0 —Hi(1 —ms)B1 —HomsQ2B2  —H3msQu3B3 7
0 —p O 0 0 0 —HimsQxpB1 —Ha(l—ms)Ba —HzmsQ3B3
0 0 —pu 0 0 0 —HimsQ3181  —HamsQ3B2 —H3(1 — ms)pB3
0 0 0 - 0 0 Hi(1 — ms)B1 Hams Q1282 Hzms Q1383
0 0 o0 0 —¢ 0 Hims Q151 Ha(1 — mg)B2 H3mgs Qo383
0 0 o0 0 0 - H1ms Q3151 Homs Q3B H3(1— mg)Bs
1—m m; Q: m Q: W. W-
o o o pi( 1) PimQn p1m; Q31 P 1Py 2 1Py 2
Wi K Wi K Wi K Wy I
m, 1—m m, W W-
o o o PmQ2  pA 1) P2m Qs 1P 1 g1 1Py 3
WoK WoK WaK W, W,
mQ mQ 1—m, 7% W
o o o PmQs  psmiQos p3( 1) 1Py L 1Py 2 P
L Wi K WsK WsK wWs W

Note: B; = B,/K
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(Local) Stability Analysis of Three Communities

We need to find general conditions for (local) stability.

We can block the Jacobian J as

Jiu 0 Jg3 3 J
J=| 0 Jxn Ju A(J):A(Jll)u)\[ 22 23]
Jo U3z
0 Jx J33

J* = [ Joo Jo3 ]
Jao Js3

Each block Jj; is a 3 x 3 matrix, and

Ji1 = diag(—p).
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Irreducibility

Definition
A matrix Apx, is reducible if it is similar to a block triangular
matrix: There is a permutation matrix P such that

B C
0 D

A matrix is irreducible if it is not reducible.

PTAP:[ ],OER’X("’),(lgrgn—l)
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(Local) Stability Analysis of Three Communities

.
J* is given by
r —¢ 0 0 Hi(1 — ms)By Hams Q1282 H3msQi3B83 1
0 —¢ 0 H1ms Q181 Ha(1 — ms)B2  H3msQa3f33
0 0 - H1ms Q3181 Hams Q3282 Hs(1 — ms)Bs3
p1(l — my) p1m Q21 p1m; Q31 W W3
—pg — 1 1Py — IP3y —
Wi K Wi K Wi K W, W,
p2m; Qu2 p2(1 — my) p2m; Q32 Wy Wi
P12 — —pg — 1 P33 —
Wo K Wo K Wh K W, W,
p3m; Qi3 p3m; Q23 p3(1 — my) Wy W
P13 — IPy3 — —pp — 1
L wsk W3K W3K W Ws ]

J* is irreducible.
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Metzler Matrix

A matrix M is said to be Metzler if all of the off-diagonal entries
are nonnegative.

@ If you have an M, Metzler matrix, then the eigenvalue with
maximum real part is real.

a(M) = max ReXi(M), i=1,2,....n

® The Metzler matrix, M, is asymptotically stable iff « (M) < 0

Therefore J* is a Metzler matrix.
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(Local) Stability Analysis of Three Communities

A very useful variation of Perron-Frobenius theorem:

Theorem

Let M € R™" be a Metzler matrix. If M is irreducible, then

X* = a(M) is a simple eigenvalue, and its associated eigenvector
is positive.

When \* reaches zero, the det(J*) = 0 and the disease free
equilibrium point will lose stability.
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Determinant of J*

* Jn  Jas *
- det(J*) = - -
J [ T I } ; et(J*) = (J22J33) — (J23d32) =0

Jn = —¢Us3
J23 = msHQB + (1 — ms)HB

m AAT , L—m 1
Jozs = —pW-IQT + ——pwW
23 K P K p
J3s = —(ug + U3 + IW—IPTW

det(J*) = det [qﬁ(us + U3 — oI WLPTW — TS oW-1QTHQB
o my(1— mS)pW_lQTH,B _ (1- :,)ms pW-1HQ3
(- m,)}gl — mS)pW_lHﬂ -0

where p, H, 3, W,W~1 are diagonal, hence commute with each other.
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Determinant of J*

One can prove that det(J*) =0 <= det(U3 — Gg) =0

Thus, the the disease-free equilibrium loses stability when
det(Uz — Gp) = 0, where
/
Go pT 15

= T
pe +1 pg+1°

To =
(1—m;)(1—ms)Ro+ m5m,R:)s +my(1— mg)R:) +(1- m/)mng.

Is a transcritical bifurcation happening here?

Stay put!
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Theorems

Theorem (Perron-Frobenius)

If Apxnis non-negative and irreducible, then:
@ p(A) is a positive eigenvalue of A
@® The eigenvector associated to p(A) is positive
® The algebraic and geometric multiplicity of p(A) is 1

Theorem (Berman, Plemmons)

Let A= sl — B, where B is an nxn nonnegative matrix. If there
exists a vector x > 0, such that Ax > 0, then p(B) < s.
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Dominant Eigenvalue

Gg > 0 and irreducible

p(Gp) is a simple eigenvalue (Perron-Frobenius)

det(Us — Gg) = 0 implies 1 is an eigenvalue of Gg
p(Gp) <1 (Berman, Plemmons)

Therefore, p(Gg) = 1 and 1 is the dominant eigenvalue.

This proves: The disease free equilibrium loses stability when
p(Gp) crosses one, and an outbreak occurs.

p(Go) is called the Generalized Reproduction Number.
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Lyapunov Functions and Global Asymptotic Stability

First write equations as a compartmental system:

X' =F(x,y) = V*(x,y), y =g(x,y)

where x=[h h Ik By B, Bs]T andy =[S51 S, S3]7.

Ro < 1 does not determine stability for connected communities.

Cannot use p(Go)

Need to find a new condition.

Exploited the fact that J* = F — V to prove:
NI <0 e MV UH<0 e N(VIF)<1

The three matrices above are Metzler!
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Lyapunov Functions and Global Asymptotic Stability

Theorem

Let 0 < N(V™IF) <1, and let w be a left eigenvector of V™'F
corresponding to N:(V"'F). Then the function Q(x) = w’Vx
is a Lyapunov function satisfying Q" < 0.

— 1 pi(l—m) Q Q
Q= RalusE {h( W R R 13>+

pim; @ p2(l=m; | psmQ
+ b "9 + = +3V{,23)+

3

+ h Plﬂl;l‘//lQal + Pzﬂ‘;‘l/2Q32 + P3(1V\7ml)):|+

3
+ ﬁ(Bl + By + B3)

Q(xo) = Q(0,0,H) =0 and Q(x) > 0 when x # xq.

Q=0 —1wix—wV (x,y) <0
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Lyapunov Functions and Global Asymptotic Stability

Theorem (LaSalle’s Invariance Principle)

Let Q C D C R"™ be a compact invariant set with respect to

x' = f(x). Let Q : D — R be a C! function such that

Q'(x(t)) <0in Q. Let E C Q be the set of all points in Q where
Q'(x) =0. Let M C E be the largest invariant set in E. Then

t—oo |yeM

lim [inf Hx(t)—y||} = @

That is, every solution starting in Q) approaches M as t — oc.
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Lyapunov Functions and Global Asymptotic Stability

Using LaSalle’s invariance principle we can now prove global
asymptotic stability.

Theorem

Let Q be any compact invariant set containing the disease-free
equilibrium point of the compartmental model and let F, V,

V=1 >0, f(x,y) >0, and f(0,y) = 0. Assume 0 < N:(V'F) < 1
and assume the disease-free system'y’ = g(0, y) has a unique
equilibrium 'y = yq > 0 that is globally asymptotically stable in the
disease-free system. Then, the disease-free equilibrium of the
nine-dimensional system is globally asymptotically stable in 2.
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Lyapunov Functions and Global Asymptotic Stability

Hy + e Mt (Cy
Solving for S explicitly gives S = | Hy + e #tC,
Hs + e_’“C3

Q =\t — 1w x—wV(x,y). Assuming Q' = 0 implies
x = 0. Then, the set of all points where @ =0 is
E= {(/,', B,‘,S,') . /,' = B,’ = O}

Applying LaSalle’s invariance principle shows that the disease-free
equilibrium is globally asymptotically stable.
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Existence of Endemic Equilibrium

Recall that \*(J*) <0 <= M(V'F)<1.

Theorem

Let Q be any compact invariant set containing the disease-free

equilibrium point of compartmental model. Let F, V, V™1 >0,
f(x,y) >0, and f(0,y) = 0. If \*(J*) > 0, then there exists at
least one endemic equilibrium.
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Hydrological Transportation and Human Mobility

' Pout ifi—j
dout(i)Pout + din(i)Pin
P; = Pin o .
- - if i<
dout(’)Pout + din(’)Pin J
0 otherwise

H; e(~9i/D)

Z H, o(—di/D)
Py
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Geography of Disease Onset

Ai+Bb = A\
Ci+Db = X\

i = —A"!Bb and we can re-write the above expression as
CA'Bb+Dd=0

(AD — CB)b =0
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Geography of Disease Onset

After MUCH simplification, we get

_ / KB
AD-CB = +|Us3—w PT + T)W]
¢(MB ){ 3 <,U«B+/ ug +1 0

Substituting Gg, we get

AD - CB = ¢(ug+/)(Us—W 'GoW).

We can now write (U3 — W™1GoW)b = 0, then
Wb = GoWb

Thus, Wb is the eigenvector of Gg associated to the eigenvalue
A=1



n=3
00000

Geography of Disease Onset

i=A"'Bb
After substitution and simplification we get,

. msHQB -1—((251 - ms)H,B(W_lgo)
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Bifurcations

Recall that J* determines stability of disease-free equilibrium,
and is a Metzler matrix.

When \* = 0 stability is lost.

Proved existence of transcritical bifurcation using Sotomayor's
theorem.

Choose p; to be our varying parameter.
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Sotomayor's Theorem

Let f = [ﬂ f2 fg]T, and x = (51 52 53 I1 I2 I3 Bl Bz B3)T SO
XOZ(Hl H2 H3000000)T

Take partial derivatives of f with respect to p; to arrive at the
vector

(1 — my)ly + my(Qarh + Qa1h3)] Wyt

0

0

First condition : w'fp, (o, p?) =0
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Sotomayor's Theorem

Second condition:
w T [Dfp, (xo, P2)V] =
5 (0= ms)B 4 ms Quafl + ms Quafis] (1= m)Wy '+
IZ; [ms Qo181 + (1 — ms) B2 + ms Qa3 fB3] myQuy W L+

H.
?3 [ms Q3181 + ms Q3282 + (1 — ms) B3] m QW #0
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Sotomayor's Theorem

D?f(xo, p9)(v, v) is found.

Third condition: w’[D?f(xq, p9)(v,v)] =

wa(2(1 — ms)Bivi + 2msQi22vi + 2ms Qi3 f3va

— 2H1(1 — ms)B1 — 2H1ms Q282 — 2H1ms Q13/33)

+ ws(2ms Qa1 f1v2 + 2(1 — ms)Bava + 2ms Qa3 f3v2

— 2Homs @181 — 2Ha(1 — ms)Ba — 2Hams Qa3 33)

+ we(2ms Q3181v3 + 2ms Q3282v3 + 2(1 — ms) 3

— 2H3ms Q3181 — 2H3ms Q3232 — 2H3(1 — ms)33) # 0
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P < Po
DFE =(10000, 13000, 11000, 0, 0, 0, 0, 0, 0 )
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EE = (11.195, 14.708, 12.952, 215.439, 280.068, 236.969, 0.135, 0.097, 0.157)
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n Number of Communities

The Jacobian at the disease-free equilibrium
xo = (H1, Ha, ..., Hn,0,...,0) is given by

Jiu 0 Jg3
Jxo)=1| 0 Jxno Joz |,
0 Jz Js3

where each Jj; block is an n x n matrix, and
Ji1 = —pUn

Ji3 = —msHQB — (1 — ms)HB

Joo = —¢Un

Jo3 = msHQB + (1 — ms)HB

—m

my 17, L -1
J3o = —pW —pW
=P Q' + P

Jsz = —(ug + NUn + IW—1PTW



General n
oeo

Math Commandments

@ The disease-free equilibrium loses stability when A\*(J*)
Crosses zero.

® The system undergoes a transcritical bifurcation when \*(J*)
Crosses zero.

© The condition det(J*) = 0 is equivalent to det(U, — Gg) = 0.
O )\ =1 is the dominant eigenvalue of Gyp.

0 Ifo< X,E(Vle) <1, then Q = w’V~x is a Lyapunov
function satisfying @' < 0.

@ If 0 < A:(V7IF) < 1 and the disease-free equilibrium is
globally asymptotically stable in the disease-free system, then
it is a globally asymptotically stable equilibrium of the general
system.
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Math Commandments Cont.

@ If A*(J*) > 0, then the system has at least one endemic
equilibrium point.

® The dominant eigenvector of Gg, once projected onto the
subspace of infectives, provides us with an effective way to
forecast the geographical spread of the disease.

© Under some conditions, no periodic orbits can exist (n=1).

{ The system has no Hopf bifurcations at DFE (n=1).



Our Contribution

e n=1

°
S
V e e o o

Found correct endemic equilibrium point
Proved global stability of DFE

Proved existence of transcritical bifurcation
(Non)existence of periodic solutions

1 (Networked Connectivity Model)

Established a new condition for outbreak of epidemics
Introduced an appropriate Lyapunov function

Proved global stability of DFE

Proved existence of transcritical bifurcation

Proved existence of endemic equilibrium

Numerical evidence of homoclinic orbit

What's Next
®00



What's Next
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Back to the Future:

Proving the existence of the homoclinic orbit.

o Conditions for global stability of endemic equilibrium.

e Hopf bifurcation at endemic equilibrium.

e Get help from XPPAUT to find some other possible bifurcations.
e Include seasonal behavior of some diseases.

e Include water treatment/sanitation and vaccination in the model
e Lunch at Union Club: Chicken Parmesan

e Come back to MSU for MAKO conferencel!!!!
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