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Dynamical Systems

• A dynamical system may be defined as

ż = f(z, λ)
z ∈ Rn, λ ∈ Rm,
f : Rn → Rn.

• A system has a equilibrium point when there exists a z0 ∈ Rn

such that f(z0, λ) = 0
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Equilibria Types and Stability Analysis

• Non-hyperbolic Equilibrium
• Center Manifold Theorem
• Liapunov Functions

• Hyperbolic Equilibrium
• Linearization
• Stable Manifold Theorem and Hartman-Grobman Theorem
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Crash Course on Zika Virus

• Zika Virus (ZIKV) was first isolated in humans in 1954.

• The current ZIKV epidemic ongoing in the Americas began in
Brazil in Apr. 2015.

• ZIKV is transmitted from mosquito bites.

• Evidence suggests it may also be transmitted sexually.

• 1 out of 5 infected people develop symptoms.

• Symptoms include mild fever, rash, conjunctivitis and joint
pain.

• Evidence also suggest ZIKV may also increase the chance of
microcephaly in newborns and cause Guillain-Barr syndrome.

• The current epidemic is expected to worsen due to Olympics
and increasing mosquito population.
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The Original Zika Model

The Gao et. al. model for ZIKV is represented by:

Ṡh = −ab Iv
Nh

Sh − β κEh+Ih1+τ Ih2
Nh

Sh

Ėh = θ
(
ab Iv

Nh
Sh + β κEh+Ih1+τ Ih2

Nh
Sh

)
− νhEh

˙Ih1 = νhEh − γh1Ih1

˙Ih2 = γh1Ih1 − γh2Ih2

Ȧh = (1− θ)
(
ab Iv

Nh
Sh + β κEh+Ih1+h2

Nh
Sh

)
− γhAh

Ṙh = γh2Ih2 + γhAh

Ṡv = µvNv − ac ηEh+Ih1
Nh

Sv − µvSv

Ėv = ac ηEh+Ih1
Nh

Sv − (νv + µv )Ev

˙Iv = νvEv − µv Iv
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Original Model: Equilibrium Points

• The original model has 7 Disease-Free equilibrium points of
the form DFE = (sh, 0, 0, 0, 0, rh, sv , 0, 0).

• They are all non-hyperbolic.

• There are no Endemic equilibrium points (EE).
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Local Center Manifold Theorem

If

• f(0) = 0 and Df(0) has c eigenvalues with zero real parts and
s eigenvalues with negative real parts, where c + s = n, and

• F(0) = G(0) = 0 and DF(0) = DG(0) = [0],

Then

• the system can be written in diagonal form ẋ = Cx + F(x, y)
and ẏ = Py + G(x, y),

• there exists an h that defines the local center manifold and
satisfies Dh(x)[Cx + F(x,h(x))]− Ph(x)− G(x,h(x)) = 0,

• and the flow on the center manifold is defined by the system
of differential equations ẋ = Cx + F(x,h(x))
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Original Model: Jacobian

J(DFE) =

0 0 0 0 0 −
absh

sh + rh
−

shβκ

sh + rh
−

shβ

sh + rh
−

shβτ

sh + rh

0 0 0 γh 0 0 0 0 γh2

0 0 0 0 µv µv −
acsvη

sh + rh
−

acsv

sh + rh
0

0 0 0 −γh 0
absh(1 − θ)

sh + rh

shβ(1 − θ)κ

sh + rh

shβ(1 − θ)

sh + rh

shβ(1 − θ)τ

sh + rh

0 0 0 0 µv − νv 0
acsvη

sh + rh

acsv

sh + rh
0

0 0 0 0 νv −µv 0 0 0

0 0 0 0 0
abshθ

sh + rh

shβθκ

sh + rh
− νh

shβθ

sh + rh

shβθτ

sh + rh

0 0 0 0 0 0 νh −γh1 0

0 0 0 0 0 0 0 γh1 −γh2


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Diagonal Form

• Models can be written in diagonal form,

ż = f(z) −→ ż =

[
ẋ
ẏ

]
,

where C has c eigenvalues with zero real parts and P has s
eigenvalues with negative real part, to yield

ẋ = Cx + F(x, y)

ẏ = Py + G(x, y).
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Original Model: F(x, y)

F(x, y) =


−ab y9

Nxy
(x1 + sh)− βκy2 + y3 + τy4

Nxy
(x1 + sh)

γh2y4 + γhy5

µv (y8 + y9)− ac
ηy2 + y3

Nxy
(x7 + sv )


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Original Model: G(x, y)

G(x, y) =
(1 − θ)

(
ab

y9

Nxy
(x1 + sh) + β

κy2 + y3 + τy4

Nxy
(x1 + sh) − ab

y9

sh + rh
sh − β

κy2 + y3 + τy4

sh + rh
sh

)
ac
ηy2 + y3

Nxy
(x7 + sv ) − ac

ηy2 + y3

sh + rh
sv

0

θ

(
ab

y9

Nxy
(x1 + sh) + β

κy2 + y3 + τy4

Nxy
(x1 + sh) − ab

y9

sh + rh
sh − β

κy2 + y3 + τy4

sh + rh
sh

)
0
0


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Local Center Manifold Theorem

If

! f(0) = 0 and Df(0) has c eigenvalues with zero real parts and
s eigenvalues with negative real parts, where c + s = n, and

• F(0) = G(0) = 0 and DF(0) = DG(0) = [0],

Then

! the system can be written in diagonal form ẋ = Cx + F(x, y)
and ẏ = Py + G(x, y),

• there exists an h that defines the local center manifold and
satisfies Dh(x)[Cx + F(x,h(x))]− Ph(x)− G(x,h(x)) = 0,

• and the flow on the center manifold is defined by the system
of differential equations ẋ = Cx + F(x,h(x))
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Matrix Theoretic Method for Global Stability

• Epidemiology models can be written in a compartmentalized
form

ż = f(z) −→ ż =

[
ẋ
ẏ

]
• The disease compartment is further split into F , which

represents the transmission terms, and V, which is the
transition terms

ẋ = F(x , y)− V(x , y) x ∈ Rp,

ẏ = g(x , y) y ∈ Rq, n = p + q
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Matrix Theoretic Method for Global Stability

Then we split the disease compartment, ẋ, into its linear and
non-linear components.

ẋ = (F− V)x− f(x , y)

where

F(x , y) =

[
δFi

δxj
(0, y0)

]
, V(x , y) =

[
δVi
δxj

(0, y0)

]
and

f(x , y) = (F− V)x−F(x , y) + V(x , y)
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Theorem 2.1 [Shuai and Van Den Driessche]

Goal is to construct a Liapunov function, Q.

If

• f(x , y) ≥ 0 in Γ ⊂ Rp+q
+ ,

• F ≥ 0, V−1 ≥ 0, and

• R0 ≤ 1.

Then the function
Q = ωTV−1x

where ω is the left eigenvector of FV−1 associated with R0 is a
Liapunov function for the system on Γ.
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Liapunov Functions

If

• E is an open subset of Rn containing z0,

• f ∈ C 1(E ) and f(z0) = 0, and

• there exists V ∈ C 1(E ) satisfying V (z0) = 0 and V (z) > 0 if
z 6= z0.

Then

(a) if V̇ (z) ≤ 0 for all z ∈ E , z0 is stable,

(b) if V̇ (z) < 0 for all z ∈ E , z0 is asymptotically stable,

(c) if V̇ (z) > 0 for all z ∈ E , z0 is unstable.
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Basic Reproduction Number

• The reproduction number, R0, is defined biologically as the
average number of individuals infected by a single infected
individual entering the susceptible population.

• R0 is defined mathematically as the spectral radius, ρ(A), of
matrix A which is the Next Generation Matrix.
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Theorem 2.2 [Shuai and Van Den Driessche]

If

• Γ ⊂ Rp+q
+ is compact such that (0, y0) ∈ Γ,

• Γ is positively invariant with respect to the system,

• ẏ = g(0, y) has a unique equilibrium y = y0 > 0 that is GAS
in Rq

+,

• f(x , y) ≥ 0 with f(x , y0) = 0 in Γ, and

• F ≥ 0, V−1 ≥ 0, V−1F be irreducible.

Then

• If R0 < 1, then the DFE is GAS in Γ.

• If R0 > 1, then the DFE is unstable, the system is uniformly
persistent, and there exists at least one endemic equilibrium
point.
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Original Model: Feasible Region Γ

Ṅh = 0 Ṅv = 0

Nh = Nh(0) Nv = Nv (0)

Thus,

Γ = {Sh,Eh, Ih1, Ih2,Ah,Rh, Sv ,Ev , Iv ∈ R9
+ |

Sh + Eh + Ih1 + Ih2 + Ah + Rh ≤ Nh(0), Sv + Ev + Iv ≤ Nv (0)}
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Original Model: Equilibrium Points in Γ

• The Disease-Free equilibrium, (sh, 0, 0, 0, 0, rh, sv , 0, 0) ∈ Γ.

• The DFE is GAS in the disease-free subsystem because we let
Nh(0) = sh + rh and Nv (0) = sv .
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Theorem 2.2 [Shuai and Van Den Driessche]

If

! Γ ⊂ Rp+q
+ is compact such that (0, y0) ∈ Γ,

! Γ is positively invariant with respect to the system,

! ẏ = g(0, y) has a unique equilibrium y = y0 > 0 that is GAS
in Rq

+,

• f(x , y) ≥ 0 with f(x , y0) = 0 in Γ, and

• F ≥ 0, V−1 ≥ 0, V−1F be irreducible.

Then

• If R0 < 1, then the DFE is GAS in Γ.

× If R0 > 1, then the DFE is unstable, the system is uniformly
persistent, and there exists at least one endemic equilibrium
point.
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Original Model: F and V

F =



θ

(
ab

Iv
Nh

Sh + β
κEh + Ih1 + τ Ih2

Nh
Sh

)
0
0

ac
ηEh + Ih1

Nh
Sv

0


and

V =


νhEh

γh1Ih1 − νhEh

γh2Ih2 − γh1Ih1

(νv + µv )Ev

µv Iv − νvEv


S. Bates, H. Hutson Missouri State University REU 24 / 71



Original Model: Local Stability
Original Model: Global Stability
Modified Model: Local Stability

Modified Model: Global Stability
Missouri State University

Original Model: F(x,y) and V(x,y)

F =



shβθκ

sh + rh

shβθ

sh + rh

shβθτ

sh + rh
0

shabθ

sh + rh
0 0 0 0 0
0 0 0 0 0

acηsv
sh + rh

acsv
sh + rh

0 0 0

0 0 0 0 0


≥ 0

and

V =


νh 0 0 0 0
−νh γh1 0 0 0

0 −γh1 γh2 0 0
0 0 0 µv + νv 0
0 0 0 −νv µv


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Original Model: f(x,y)

f(x , y) = (F− V)x−F(x , y) + V(x , y)

f =



θ(Nhsh − (sh + rh)Sh)(abIv + β(κEh + Ih1 + τ Ih2))

(sh + rh)Nh

0
0

ac(Nhsv − (sh + rh)Sv )(ηEh + Ih1)

(sh + rh)Nh

0


≥ 0

f(sh,Eh, Ih1, Ih2, 0, rh, sv ,Ev , Iv ) 6= 0
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Theorem 2.2 [Shuai and Van Den Driessche]

If

! Γ ⊂ Rp+q
+ is compact such that (0, y0) ∈ Γ,

! Γ is positively invariant with respect to the system,

! ẏ = g(0, y) has a unique equilibrium y = y0 > 0 that is GAS
in Rq

+,

! f(x , y) ≥ 0 with f(x , y0) = 0 in Γ, and

• F ≥ 0, V−1 ≥ 0, V−1F be irreducible.

Then

• If R0 < 1, then the DFE is GAS in Γ.

× If R0 > 1, then the DFE is unstable, the system is uniformly
persistent, and there exists at least one endemic equilibrium
point.
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Original Model: V−1(x , y)

V−1 =



ν−1
h 0 0 0 0

γ−1
h1 γ−1

h1 0 0 0

γ−1
h2 γ−1

h2 γ−1
h2 0 0

0 0 0 (µv + νv )−1 0

0 0 0 νv (µv (µv + νv ))−1 µ−1
v


≥ 0
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Original Model: Next Generation Matrix

FV−1 =
shβθ(κγ

h1γh2 + γ
h2νh + γ

h1νhτ)

(sh + rh)γ
h1γh2νh

shβθ(κγ
h2 + γ

h1τ)

(sh + rh)γ
h1γh2

shβθτ

(sh + rh)γ
h2

shabθνv

(sh + rh)µv (µv + νv )

shabθ

(sh + rh)µv

0 0 0 0 0

0 0 0 0 0

acsv (ηγ
h1 + νh)

(sh + rh)γ
h1νh

acsv

(sh + rh)γ
h1

0 0 0

0 0 0 0 0


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Theorem 2.2 [Shuai and Van Den Driessche]

If

! Γ ⊂ Rp+q
+ is compact such that (0, y0) ∈ Γ,

! Γ is positively invariant with respect to the system,

! ẏ = g(0, y) has a unique equilibrium y = y0 > 0 that is GAS
in Rq

+,

! f(x , y) ≥ 0 with f(x , y0) = 0 in Γ, and

! F ≥ 0, V−1 ≥ 0, V−1F be irreducible.

Then

• If R0 < 1, then the DFE is GAS in Γ.

× If R0 > 1, then the DFE is unstable, the system is uniformly
persistent, and there exists at least one endemic equilibrium
point.
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The Modified Zika Model

The Gao et. al. model was modified according to Manore et. al.

Ṡh = µh(Hh − Sh)− ab Iv
Nh

Sh − β κEh+Ih1+τ Ih2
Nh

Sh

Ėh = θ
(
ab Iv

Nh
Sh + β κEh+Ih1+τ Ih2

Nh
Sh

)
− (νh + µh)Eh

˙Ih1 = νhEh − (γh1 + µh)Ih1

˙Ih2 = γh1Ih1 − (γh2 + µh)Ih2

Ȧh = (1− θ)
(
ab Iv

Nh
Sh + β κEh+Ih1+τ Ih2

Nh
Sh

)
− (γh + µh)Ah

Ṙh = γh2Ih2 + γhAh − µhRh

Ṡv =
(

Ψv − rv
Kv

Nv

)
Nv − ac ηEh+Ih1

Nh
Sv − µvSv

Ėv = ac ηEh+Ih1
Nh

Sv − (νv + µv )Ev

˙Iv = νvEv − µv Iv
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Modified Model: Equilibrium Points

• The modified model has one Disease-Free equilibrium point,
DFE = (Hh, 0, 0, 0, 0, 0,Kv , 0, 0).

• Use Routh-Hurwitz to ensure that they are hyperbolic and
locally stable equilibrium points.

• We have numerically confirmed the existence of at least one
Endemic equilibrium point (EE).
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Linearization

• Study linear systems ż = Az.

• A system is linearized using the Jacobian

A = Df(z0) =


δf1
δz1

(z0) . . .
δf1
δzn

(z0)

...
. . .

...
δfn
δz1

(z0) . . .
δfn
δzn

(z0)

 .
• Local stability of an equilibrium point of a linear system is

determined by looking at the real part of the eigenvalues of
A = Df(z0).
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Modified Model: Jacobian

J(DFE) =

−µh 0 0 0 0 −ab −βκ −β −βτ

0 −µh 0 γh 0 0 0 0 γ
h2

0 0 µv − Ψv 0 2µv − Ψv 2µv − Ψv −
acKvη

Hh

−
acKv

Hh

0

0 0 0 −γh − µh 0 ab(1 − θ) βκ(1 − θ) β(1 − θ) βτ(1 − θ)

0 0 0 0 −µv − νv 0
acKvη

Hh

acKv

Hh

0

0 0 0 0 νv −µv 0 0 0

0 0 0 0 0 abθ βθκ − µh − νh βθ βθτ

0 0 0 0 0 0 νh −γ
h1 − µh 0

0 0 0 0 0 0 0 γ
h1 −γ

h2 − µh


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We have found the following sufficient conditions for DFE to be
locally stable:

R + T + V + W + µv > Bκ

RT + RV + TV + RW + TW + VW + (R + T + V + W )µv > B(κ(R + V + W + µv ) + νh)

RTV + RTW + RVW + TVW + µv (RT + RV + TV + RW + TW + VW )

> ASηνv + B(κ(RV + RW + VW + µv (R + V + W )) + νh(R + V + µv + γh1τ))

RTVW + µv (RTV + RTW + RVW + TVW )

> ASνv (Vη + Wη + νh) + B(γh1µv + κ(RVW + µv (RV + RW + VW )) + νh(RV + Rµv + Vµv − Rγh1τ))

RTVWµv > ASVνv (Wη + νh) + Bµv (RVWκ + νh(RV + Rγh1τ))

where
R = µv + νv S = abθ

W = γh1 + µh V = γh2 + µh

T = µh + νh B = βθ

A =
acKv

Hh
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Original Model: Local Stability
Original Model: Global Stability
Modified Model: Local Stability

Modified Model: Global Stability
Missouri State University

Outline
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Original Model: Global Stability
Modified Model: Local Stability

Modified Model: Global Stability
Missouri State University

Modified Model: Feasible Region Γ

Ṅh = µhHh − µhNh Ṅv = rvNv

(
1− Nv

Kv

)
Nh(t) = Hh + k3e

−µht Nv (t) = Kv

(
1 +

1

erv t+k4Kv − 1

)
lim
t→∞

Nh(t) = Hh lim
t→∞

Nv (t) = Kv

Thus, our feasible region is defined as:

Γ = {Sh,Eh, Ih1, Ih2,Ah,Rh, Sv ,Ev , Iv ∈ R9
+ |

Sh + Eh + Ih1 + Ih2 + Ah + Rh ≤ Hh, Sv + Ev + Iv ≤ Kv}
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Original Model: Global Stability
Modified Model: Local Stability

Modified Model: Global Stability
Missouri State University

Modified Model: Equilibrium Points in Γ

• The Disease-Free equilibrium,
DFE = (Hh, 0, 0, 0, 0, 0,Kv , 0, 0) ∈ Γ.

• The DFE = (Hh, 0, 0, 0, 0, 0,Kv , 0, 0) is GAS in the
disease-free subsystem because we have already seen that
lim
t→∞

Nh(t) = Hh and lim
t→∞

Nv (t) = Kv .
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Modified Model: Global Stability
Missouri State University

Theorem 2.2 [Shuai and Van Den Driessche]

If

! Γ ⊂ Rp+q
+ is compact such that (0, y0) ∈ Γ,

! Γ is positively invariant with respect to the system,

! ẏ = g(0, y) has a unique equilibrium y = y0 > 0 that is GAS
in Rq

+,

• f(x , y) ≥ 0 with f(x , y0) = 0 in Γ, and

• F ≥ 0, V−1 ≥ 0, V−1F be irreducible.

Then

• If R0 < 1, then the DFE is GAS in Γ.

× If R0 > 1, then the DFE is unstable, the system is uniformly
persistent, and there exists at least one endemic equilibrium
point.
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Modified Model: F and V

F =



θ

(
ab

Iv
Nh

Sh + β
κEh + Ih1 + τ Ih2

Nh
Sh

)
0
0

ac
ηEh + Ih1

Nh
Sv

0


and

V =


(νh + µh)Eh

(γh1 + µh)Ih1 − νhEh

(γh2 + µh)Ih2 − γh1Ih1

(νv + µv )Ev

µv Iv − νvEv


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Modified Model: Global Stability
Missouri State University

Modified Model: F(x,y) and V(x,y)

F =


βθκ βθ βθτ 0 abθ

0 0 0 0 0
0 0 0 0 0

acηKv

Hh

acKv

Hh
0 0 0

0 0 0 0 0

 ≥ 0

and

V =


µh + νh 0 0 0 0
−νh γh1 + µh 0 0 0

0 −γh1 γh2 + µh 0 0
0 0 0 µv + νv 0
0 0 0 −νv µv


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Modified Model: Global Stability
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Modified Model: f(x,y)

f(x , y) = (F− V)x−F(x , y) + V(x , y)

f =



θ(Nh − Sh)(abIv + β(κEh + Ih1 + τ Ih2))

Nh
0
0

ac(KvNh − HhSv )(ηEh + Ih1)

HhNh
0


≥ 0

f(Hh,Eh, Ih1, Ih2, 0, 0,Kv ,Ev , Iv ) 6= 0
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Modified Model: Global Stability
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Numerical Simulation: R0 < 1

Sh

Eh

Ih1

Ih2

Ah

Rh

Sv

Ev

Iv

0 100000 200000 300000 400000 500000
0

100000

200000

300000

400000

500000

Time (days)

P
op
ul
at
io
n

R0 = 0.996127

S. Bates, H. Hutson Missouri State University REU 44 / 71



Original Model: Local Stability
Original Model: Global Stability
Modified Model: Local Stability

Modified Model: Global Stability
Missouri State University

Numerical Simulation: R0 > 1
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Theorem 2.2 [Shuai and Van Den Driessche]

If

! Γ ⊂ Rp+q
+ is compact such that (0, y0) ∈ Γ,

! Γ is positively invariant with respect to the system,

! ẏ = g(0, y) has a unique equilibrium y = y0 > 0 that is GAS
in Rq

+,

! f(x , y) ≥ 0 with f(x , y0) = 0 in Γ, and

• F ≥ 0, V−1 ≥ 0, V−1F be irreducible.

Then

• If R0 < 1, then the DFE is GAS in Γ.

× If R0 > 1, then the DFE is unstable, the system is uniformly
persistent, and there exists at least one endemic equilibrium
point.
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Modified Model: V−1(x , y)

V−1 =


1

µh + νh
0 0 0

νh

(γh1 + µh)(µh + νh)

1

γh1 + µh

0 0

γh1νh

(γh1 + µh)(γh2 + µh)(µh + νh)

γh1

(γh1 + µh)(γh2 + µh)

1

γh2 + µh

0

0 0 0
1

µv

 ≥ 0
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Modified Model: Next Generation Matrix

FV−1 =
βθ((γ

h2 + µh)(κ(γ
h1 + µh) + νh) + γ

h1νhτ)

(γ
h1 + µh)(γ

h2 + µh)(µh + νh)

βθ(γ
h2 + µh + γ

h1τ)

(γ
h1 + µh)(γ

h2 + µh)

βθτ

γ
h2 + µh

abνvθ

µv (µv + νv )

abθ

µv

0 0 0 0 0

0 0 0 0 0

acKv (η(γ
h1 + µh) + νh)

Hh(γ
h1 + µh)(µh + νh)

acKv

Hh(γ
h1 + µh)

0 0 0

0 0 0 0 0


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Theorem 2.2 [Shuai and Van Den Driessche]

If

! Γ ⊂ Rp+q
+ is compact such that (0, y0) ∈ Γ,

! Γ is positively invariant with respect to the system,

! ẏ = g(0, y) has a unique equilibrium y = y0 > 0 that is GAS
in Rq

+,

! f(x , y) ≥ 0 with f(x , y0) = 0 in Γ, and

! F ≥ 0, V−1 ≥ 0, V−1F be irreducible.

Then

• If R0 < 1, then the DFE is GAS in Γ.

× If R0 > 1, then the DFE is unstable, the system is uniformly
persistent, and there exists at least one endemic equilibrium
point.
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Theorem 3.5 [Shuai and Van Den Driessche]

Goal is to construct a Liapunov function, D(z).

If

• There exist functions Di : U → R and Gij : U → R and

• constants aij ≥ 0 such that

• for every 1 ≤ i ≤ n , D ′i ≤
∑n

j=1 aijGij(z). And

• for A = [aij ], each directed cycle C of G has∑
(s,r)∈ε(C) Grs(z) ≤ 0 where ε(C ) denotes the arc set of the

directed cycle C .

Then the function

D(z) =
n∑

i=1

ciDi (z)

is a Liapunov function for the system.
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Modified Model: Di ’s

Di = Sh − S∗
h − S∗

h ln
Sh
S∗
h

for i = 1, 2, 3, 4

D5 = Eh − E∗
h − E∗

h ln
Eh

E∗
h

D6 = Ih1 − I ∗h1 − I ∗h1 ln
Ih1

I ∗h1

D7 = Ih2 − I ∗h2 − I ∗h2 ln
Ih2

I ∗h2

Dj = Sv − S∗
v − S∗

v ln
Sv
S∗
v

for j = 8, 9

D10 = Ev − E∗
v − E∗

v ln
Ev

E∗
v

D11 = Iv − I ∗v − I ∗v ln
Iv
I ∗v
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Modified Model: Di ’s continued

Differentiation yields

D ′i ≤ ab
I ∗v S
∗
h

N∗h

(
Iv
I ∗v
− ln

Iv
I ∗v
− IvSh

I ∗v S
∗
h

+ ln
IvSh
I ∗v S
∗
h

)
+ βκ

S∗hE
∗
h

N∗h

(
Eh

E ∗h
− ln

Eh

E ∗h
− EhSh

E ∗hS
∗
h

+ ln
EhSh
E ∗hS

∗
h

)
+ β

S∗h I
∗
h1

N∗h

(
Ih1

I ∗h1

− ln
Ih1

I ∗h1

− Ih1Sh
I ∗h1S

∗
h

+ ln
Ih1Sh
I ∗h1S

∗
h

)
+ βτ

S∗h I
∗
h2

N∗h

(
Ih2

I ∗h2

− ln
Ih2

I ∗h2

− Ih2Sh
I ∗h2S

∗
h

+ ln
Ih2Sh
I ∗h2S

∗
h

)
:= a4,11G4,11 + a15G15 + a36G36 + a27G27
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Modified Model: Di ’s continued

D ′5 ≤ abθ
I ∗v S
∗
h

N∗h

(
IvSh
I ∗v S
∗
h

− ln
IvSh
I ∗v S
∗
h

− Eh

E ∗h
+ ln

Eh

E ∗h

)
+ βθκ

S∗hE
∗
h

N∗h

(
EhSh
E ∗hS

∗
h

− ln
EhSh
E ∗hS

∗
h

− Eh

E ∗h
+ ln

Eh

E ∗h

)
+ βθ

S∗h I
∗
h1

N∗h

(
Ih1Sh
I ∗h1S

∗
h

− ln
Ih1Sh
I ∗h1S

∗
h

− Eh

E ∗h
+ ln

Eh

E ∗h

)
+ βθτ

S∗h I
∗
h2

N∗h

(
Ih2Sh
I ∗h2S

∗
h

− ln
Ih2Sh
I ∗h2S

∗
h

− Eh

E ∗h
+ ln

Eh

E ∗h

)
:= a54G54 + a51G51 + a53G53 + a52G52

D ′6 ≤ νhE ∗h
(
Eh

E ∗h
− ln

Eh

E ∗h
− Ih1

I ∗h1

+ ln
Ih1

I ∗h1

)
:= a65G65
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Modified Model: Di ’s continued

D ′7 ≤ γh1I
∗
h1

(
Ih1

I ∗h1

− ln
Ih1

I ∗h1

− Ih2

I ∗h2

+ ln
Ih2

I ∗h2

)
:= a76G76

D ′j ≤ acη
E ∗hS

∗
v

N∗h

(
Eh

E ∗h
− ln

Eh

E ∗h
− EhSv

E ∗hS
∗
v

+ ln
EhSv
E ∗hS

∗
v

)
+ ac

I ∗h1S
∗
v

N∗h

(
Ih1

I ∗h1

− ln
Ih1

I ∗h1

− Ih1Sv
I ∗h1S

∗
v

+ ln
Ih1Sv
I ∗h1S

∗
v

)
:= a95G95 + a86G86
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Modified Model: Di ’s continued

D ′10 ≤ acη
E ∗hS

∗
v

N∗h

(
EhSv
E ∗hS

∗
v

− ln
EhSv
E ∗hS

∗
v

− Ev

E ∗v
+ ln

Ev

E ∗v

)
+ acη

I ∗h1S
∗
v

N∗h

(
Ih1Sv
I ∗h1S

∗
v

− ln
Ih1Sv
I ∗h1S

∗
v

− Ev

E ∗v
+ ln

Ev

E ∗v

)
:= a10,9G10,9 + a10,8G10,8

D ′11 ≤ νvE ∗v
(
Ev

E ∗v
− ln

Ev

E ∗v
− Iv

I ∗v
+ ln

Iv
I ∗v

)
:= a11,10G11,10
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Modified Model: The Sydney Graph
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Modified Model: Directed Cycles

Consider:

1 the cycle beginning at node 1, going to node 5, and returning
to node 1,

2 the cycle beginning at node 5, going to nodes 6 then 3, and
returning to node 5,

3 the cycle beginning at node 5, going to nodes 6, 7, then 2,
and returning to node 5,

4 the cycle beginning at node 5, going to nodes 9, 10, 11, then
4, and returning to node 5,

5 the cycle beginning at node 5, going to nodes 6, 8, 10, 11,
then 4, and returning to node 5.
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Theorem 3.5 [Shuai and Van Den Driessche]

If

! There exist functions Di : U → R and Gij : U → R and

! constants aij ≥ 0 such that

! for every 1 ≤ i ≤ n , D ′i ≤
∑n

j=1 aijGij(z). And

! for A = [aij ], each directed cycle C of G has∑
(s,r)∈ε(C) Grs(z) ≤ 0 where ε(C ) denotes the arc set of the

directed cycle C .

Then the function

D(z) =
n∑

i=1

ciDi (z)

is a Liapunov function for the system.
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Modified Model: Constructing Constants ci

ci =
a51

a15
=

a52

a27
=

a53

a36
=

a54

a4,11
= θ

c5 = 1

c6 =
a53 + a52

a65
+

a54a10,8

a65(a10,8 + a10,9)
=

S∗
h θ(abI ∗v I

∗
h1 + β(ηE∗

h + I ∗h1)(I ∗h1 + τ I ∗h2))

νhE∗
hN

∗
h (ηE∗

h + I ∗h1)

c7 =
a52

a76
=
βθτ I ∗h2S

∗
h

γh1I ∗h1N
∗
h

cj =
a54a10,8

a86(a10,8 + a10,9)
=

a54a10,9

a95(a10,8 + a10,9)
=

bθI ∗v S
∗
h

cS∗
v (ηE∗

h + I ∗h1)

c10 =
a54

a10,8 + a10,9
=

bθI ∗v S
∗
h

cS∗
v (ηE∗

h + I ∗h1)

c11 =
a54

a11,10
=

abθI ∗v S
∗
h

νvE∗
v N

∗
h

.
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Modified Model: Constructing the Liapunov Function D

D = ciDi + c5D5 + c6D6 + c7D8 + cjDj + c10D10 + c11D11

= ci

(
Sh − S∗h − S∗h ln

Sh
S∗h

)
+ c5

(
Eh − E ∗h − E ∗h ln

Eh

E ∗h

)
+ c6

(
Ih1 − I ∗h1 − I ∗h1 ln

Ih1

I ∗h1

)
+ c7

(
Ih2 − I ∗h2 − I ∗h2 ln

Ih2

I ∗h2

)
+ cj

(
Sv − S∗v − S∗v ln

Sv
S∗v

)
+ c10

(
Ev − E ∗v − E ∗v ln

Ev

E ∗v

)
+ c11

(
Iv − I ∗v − I ∗v ln

Iv
I ∗v

)
.
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LaSalle’s Invariance Principle

If

! Γ ⊂ D ⊂ Rn be a compact positively invariant set,

! V : D → R be a continuously differentiable function,

! V̇ (x(t)) ≤ 0 in Γ,

• E ⊂ Γ be the set of all points in Γ where V̇ (x) = 0, and

• M ⊂ E be the largest invariant set in E .

Then every solution starting in Γ approaches M as t →∞, that is,

lim
t→∞

 inf
z∈M
‖x(t)− z‖︸ ︷︷ ︸

dist (x(t),M)

 = 0.
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Modified Model: LaSalle’s Invariance Principle

• Note that

Ḋ = ci

(
Sh − S∗

h

Sh

)
Ṡh + c5

(
Eh − E∗

h

Eh

)
Ėh + c6

(
Ih1 − I∗h1

Ih1

)
˙Ih1 + c7

(
Ih2 − I∗h2

Ih2

)
˙Ih2

+ cj

(
Sv − S∗

v

Sv

)
Ṡv + c10

(
Ev − E∗

v

Ev

)
Ėv + c11

(
Iv − I∗v

Iv

)
˙Iv

which only equals zero at the EE.

• Since D is a Liapunov function and the EE is the only set
where Ḋ = 0, we can conclude that the EE is the largest
invariant set M ⊂ E .

• Thus, under numerical simulations supporting Theorem 2.2
and LaSalle’s Invariance Principle, we can conclude that the
EE is GAS in Γ when R0 > 1.
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Numerical Simulation
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Appendix Missouri State University

Stable Manifold Theorem

Let E be an open subset of Rn containing the origin, let
f ∈ C 1(E ), and let φt be the flow of the nonlinear system.
Suppose that f (0) = 0 and that Df (0) = 0 has k eigenvalues with
negative real part and n − k eigenvalues with positive real part.
Then there exists a k-dimensional differentiable manifold S
tangent to the stable subspace E s of the linear system at 0 such
that for all t ≥ 0, φt(S) ⊂ S and for all x0 ∈ S .

lim
t→∞

φt(x0) = 0

and there exists an n − k dimensional differentiable manifold U
tangent to the unstable subspace Eu of the corresponding linear
system at 0 such that for all t ≤ 0, φt(U) ⊂ U and for all x0 ∈ U,

lim
t→∞

φt(x0) = 0
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Hartman-Grobman Theorem

Let E be an open subset of Rn containing the origin, let
f ∈ C 1(E ), and let φt be the flow of the nonlinear system.
Suppose that f (0) = 0 and that the matrix A = DF (0) has no
eigenvalue with zero real part. Then there exists a homeomorphism
H of an open set U containing the origin onto an open set V
containing the origin such that for x0 ∈ U, there is an open
interval I0 ∈ R containing zero such that for all x0 ∈ U and t ∈ I0

H ◦ φt(x0) = eAtH(x0)

i.e., H maps trajectories of the nonlinear system near the origin
onto trajectories of the linear system near the origin and preserves
the parametrization of time.
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Local Center Manifold Theorem

Let f ∈ C r (E ) where E is an open subset of Rn containing the
origin and r ≥ 1. Suppose that f(0) = 0 and that Df(0) has c
eigenvalues with zero real parts and s eigenvalues with negative
real parts, where c + s = n. The nonlinear system x ′ = f(x) can
then be written in diagonal form

ẋ = Cx + F(x, y)
ẏ = Py + G(x, y).

where (x , y) ∈ Rc × Rs , C is a square matrix with c eigenvalues
having zero real part, P is a square matrix with s eigenvalues
having negative real part, and F(0) = G(0) = 0,
DF(0) = DG(0) = 0; furthermore, there exists a δ > 0 and
function h ∈ C r (Nδ(0)) that defines the local center manifold and
satisfies
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Local Center Manifold Theorem

Dh(x)[Cx + F(x,h(x))]− Ph(x)− G(x,h(x)) = 0

for |x | < δ; and the flow on the center manifold W c is defined by
the system of differential equations x ′ = Cx + F(x , h(x)) for all
x ∈ Rc with |x | < δ.
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Routh-Hurwitz Criterion

Consider a three dimensional system. If the characteristic
polynomial

λ3 + a1λ
2 + a2λ+ a3

satisfies the following:

a1 > 0,

a3 > 0,

a1a2 − a3 > 0

then the equilibrium point is locally stable.
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Spectral Radius

The spectral radius of a matrix or bounded linear operator is the
supremum among the absolute values of the elements in its
spectrum. The spectrum of such a matrix is its set of eingenvalues,
but the spectrum of a linear operator T : V → V is the set of
scalars λ such that T − λI is non-invertible.
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Partitioned Inversion (Using Shur Complements)

Given a partitioned matrix M:

M−1 =

[
A B
C D

]−1

=

[
(M/D)−1 −(M/D)−1BA−1

−D−1C(M/D)−1 D−1 + D−1C(M/D)−1BD−1

]
Where

(M/D)−1 = A−1 + A−1B(M/A)−1CA−1

if A and D are non-singular
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