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Dynamical Systems

e A dynamical system may be defined as

z="1(z,\)
zeR" AeR™,
f:R"” — R".

e A system has a equilibrium point when there exists a zg € R"
such that f(zg,\) =0
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Equilibria Types and Stability Analysis

e Non-hyperbolic Equilibrium
o Center Manifold Theorem
e Liapunov Functions

e Hyperbolic Equilibrium

e Linearization
e Stable Manifold Theorem and Hartman-Grobman Theorem
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Crash Course on Zika Virus

e Zika Virus (ZIKV) was first isolated in humans in 1954.

e The current ZIKV epidemic ongoing in the Americas began in
Brazil in Apr. 2015.

e ZIKV is transmitted from mosquito bites.
e Evidence suggests it may also be transmitted sexually.
e 1 out of 5 infected people develop symptoms.

e Symptoms include mild fever, rash, conjunctivitis and joint
pain.

e Evidence also suggest ZIKV may also increase the chance of
microcephaly in newborns and cause Guillain-Barr syndrome.

e The current epidemic is expected to worsen due to Olympics
and increasing mosquito population.
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The Original Zika Model
The Gao et. al. model for ZIKV is represented by:

G - —ably S - BmEﬁerﬂhz B
En = 0(abjSy+ prEtltthes,) —
i = vhEpn—Ymlm

e = Ynilbr — Yh2lho

Ap = (1-0) (abjSy+ prEities,) — 5,4,

Ry = nalwa + hAn

5’:v = pyNy, — aCnEhT—:IhlSv y ,UVSV
E, = ._:J(:inl:-’,’v':lh1 S, — (vy + uv)Ey
/v = vk, —uly
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Original Model: Local Stability
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Original Model: Equilibrium Points

e The original model has 7 Disease-Free equilibrium points of
the form DFE = (s4,,0,0,0,0, rp, sy, 0,0).

e They are all non-hyperbolic.

e There are no Endemic equilibrium points (EE).
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Original Model: Local Stability
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Local Center Manifold Theorem

If

e f(0) = 0 and Df(0) has c eigenvalues with zero real parts and
s eigenvalues with negative real parts, where ¢ +s = n, and

e F(0) = G(0) =0 and DF(0) = DG(0) = [0],
Then

e the system can be written in diagonal form x = Cx + F(x,y)
and y = Py + G(x,y),

e there exists an h that defines the local center manifold and
satisfies Dh(x)[Cx + F(x, h(x))] — Ph(x) — G(x, h(x)) = 0,

e and the flow on the center manifold is defined by the system
of differential equations x = Cx + F(x, h(x))
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Original Model: Local Stability
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Original Model: Jacobian

r abs spBK s spBT 7
o Tl 8 o - h _sB B _ sB
Sh+ sp+rp sp+rp Sh+
0 0 0| ~p 0 0 0 0 Yho
acs, acs,
0 0 o0 0 Ly oy — v 0
Sh+ sp+rp
absp(1 — 0) spB(1 — )k spB(1 — 6) spB(1 — 0)T
0 0 0| —v 0
Sh+ Sh+ Sh+ rh Sh+
acs, acs,
000 o 0  py-—u 0 vil v 0
Sh+ rh Sh+ rh
0 0 o0 0 vy — by 0 0 0
abs, 6 spBOK spB0 spBOT
» o\a 0 @ h hBOK h B h B3
Sh+ Sh+ Sh+ rh Sph+
0O 0 O 0 0 0 vp —Yh1 0
0 0 0 0 0 0 0 Yh —vh2
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Original Model: Local Stability
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Diagonal Form

e Models can be written in diagonal form,

S ) z_[ﬂ

where C has ¢ eigenvalues with zero real parts and P has s
eigenvalues with negative real part, to yield

x = Cx+ F(x,y)
y = Py +G(x,y).
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Original Model: Local Stability
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Original Model: F(x,y)

Ky +y3+T
Ny N,y
F(x,y) = YhoYa ""Yh_{S
Y2 y3
pv(ys + yo) — QCUT(XY + sv)
Xy
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Original Model: Local Stability

Original Model: G(x,y)

G(x,y) =

Ky2 +y3 +Tys

0
0

S. Bates, H. Hutson

(x1 +sp) —ab d sp —

Missouri State University

i Y9 Ky2 +y3 + Ty4 Y9 Ky2 +y3 +Tys
(1—06)(ab——(x1 +sp) + B—————(x1 +sp) — ab Sh — Sh
Nxy Nyy Sh+ Sh+
ny2 +y3 ny2 +y3
ac———(x7 +sy) —ac———s,
xy Sh+ h

Sp+rp

Ky2 +y3 +Tys
Sh
Sp+rp
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Original Model: Local Stability
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Local Center Manifold Theorem

If

v/ £(0) = 0 and Df(0) has c eigenvalues with zero real parts and
s eigenvalues with negative real parts, where ¢ +s = n, and

e F(0) = G(0) =0 and DF(0) = DG(0) = [0],
Then
v/ the system can be written in diagonal form x = Cx + F(x,y)

and y = Py + G(x,y),

e there exists an h that defines the local center manifold and
satisfies Dh(x)[Cx + F(x, h(x))] — Ph(x) — G(x, h(x)) = 0,

e and the flow on the center manifold is defined by the system
of differential equations x = Cx + F(x, h(x))
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Original Model: Global Stability . . . .
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Matrix Theoretic Method for Global Stability

e Epidemiology models can be written in a compartmentalized
form

1=f(z) — z:[ﬂ

e The disease compartment is further split into F, which
represents the transmission terms, and ), which is the
transition terms

x = F(x,y) = V(xy) x € R?,
y=g(x,y) yeRI, n=p+gq
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Matrix Theoretic Method for Global Stability

Then we split the disease compartment, x, into its linear and
non-linear components.

x=(F—=V)x—f(x,y)

where

F(x,y) = [ (35;"(07)/0) } ;o Vixy)= [ ?;(07)/0) }

and
f(Xv)/) r— (F*V)X*./—"(va)JrV(X,y)
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Original Model: Global Stability . . . .
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Theorem 2.1 [Shuai and Van Den Driessche]

Goal is to construct a Liapunov function, Q.

If
e f(x,y)>0inT C Ri+q,
e F>0,V1>0, and
o RO < 1.

Then the function
Q=wV1x

where w is the left eigenvector of FV~! associated with Ry is a
Liapunov function for the system on I.
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Liapunov Functions

If
e £ is an open subset of R” containing zp,
o f € CY(E) and f(z) =0, and
o there exists V € C1(E) satisfying V(z) = 0 and V(z) > 0 if
z # 7.
Then
(a) if V(z) <0 forall z€ E, z is stable,
(b) if V(z) <0 forall z € E, z is asymptotically stable,
(c) if V(z) >0 forall z € E, z is unstable.

Missouri State University REU
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Original Model: Global Stability . . . .
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Basic Reproduction Number

e The reproduction number, Ry, is defined biologically as the
average number of individuals infected by a single infected
individual entering the susceptible population.

e Ry is defined mathematically as the spectral radius, p(A), of
matrix A which is the Next Generation Matrix.
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Original Model: Global Stability . . . .
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Theorem 2.2 [Shuai and Van Den Driessche]

I ¢ R2"9 is compact such that (0,y0) €T,

I" is positively invariant with respect to the system,

y = g(0,y) has a unique equilibrium y = yo > 0 that is GAS
in RY,
f(x,y) > 0 with f(x,y0) =0in T, and
e F>0, V-1>0, VIF be irreducible.
Then
e If Ry < 1, then the DFE is GAS in T.

e If Ry > 1, then the DFE is unstable, the system is uniformly
persistent, and there exists at least one endemic equilibrium
point.

S. Bates, H. Hutson Missouri State University REU
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Original Model: Feasible Region I

N, = Ny (0) N, = N, (0)

Thus,

= {Sh, Eh7 Ihla Ih27Ah7 Rha SV7 EV7 Iv S R%- ’
Sh+ Ep+ Ipy + Inp + Ap + Ry < Np(0), Sy + E, + 1, < N, (0)}
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Original Model: Global Stability . . . .
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Original Model: Equilibrium Points in I

e The Disease-Free equilibrium, (sp,0,0,0,0, r,s,,0,0) € T.

e The DFE is GAS in the disease-free subsystem because we let
Np(0) = sp + rp and N, (0) = s, .
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Original Model: Global Stability . . . .
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Theorem 2.2 [Shuai and Van Den Driessche]

If
vV Ic Ri+q is compact such that (0,yp) €T,

vV Tis positively invariant with respect to the system,
v y = g(0,y) has a unique equilibrium y = yo > 0 that is GAS
in RY,
e f(x,y) > 0 with f663)=0in T, and
e F>0,V-1>0, VIF be irreducible.
Then
e If Ry < 1, then the DFE is GAS in T.

X If Ry > 1, then the DFE is unstable, the system is uniformly
persistent, and there exists at least one endemic equilibrium
point.
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Original Model: Global Stability . . . .
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Original Model: F and V

i I, KEp + 11 + Tlko i
9 <3bIVhSh + 6 Nh 5h>
0
F= 0
E /
acn h+ In

Np
0

S

and
vhEp
Yh1lp1 — vhEp
V= vn2ln2 — vnlm
(vv + pv)Ey
,lev -k,
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Original Model: F(x,y) and V(x,y)

[ spfB0k sp30 spB30T 0 spabl T
Sh+rhn Sh+rth Shp+tp Sh+ tn
0 0 0 0 0
F= 0 0 0 0 0 >0
acns, acs, 0 0 0
Sh+rhn Shtrn
i 0 0 0 0 0 ]
and
vh 0 0 0 0
—vp Ym0 0 0
V = 0 —vm Y2 0 0
0 0 0 wuy+v, O
0 0 0 —Uy Ly
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Original Model: Global Stability . . . .
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Original Model: f(x,y)

f(X7y) == (F—V)X-F(X,y)-ﬁ-V(X,y)

i G(Nhsh — (Sh =+ rh)Sh)(ablv + ﬁ(HEh + Ihl =+ Tlh2)) T
(Sh + r/-,)Nh
0

f = 0 >0
ac(Nps, — (sp + rn)Sv)(MER + In1)
(Sh + rh)Nh
0

f(Sh, Eh7 lh].) Ih27 07 rh7 SV7 EVJ IV) # 0
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Original Model: Global Stability . . . .
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Theorem 2.2 [Shuai and Van Den Driessche]

If
v Tc RT" is compact such that (0,y0) €T,
vV Tis positively invariant with respect to the system,
v y = g(0,y) has a unique equilibrium y = yp > 0 that is GAS
in RY,
v/ f(x,y) > 0 with ey0)==0 in T, and
e F>0, V! >0, V-1F beirreducible.
Then
e If Ry < 1, then the DFE is GAS in I'.

X If Ry > 1, then the DFE is unstable, the system is uniformly
persistent, and there exists at least one endemic equilibrium
point.
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Original Model: Global Stability . . . .
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Original Model: V71(x, y)

—uh—l 0 0 0 0 |
'7;11 '7;11 0 0 0
U= e 0 0 | =0
0 0 0 (v + 1)t 0
00 0wl +w)Th ot
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Original Model: Global Stability
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Original Model: Next Generation Matrix

FVv—!=

S. Bates, H. Hutson

sBO(RY, 172 + V2V + Y1V T) 5B860(kv,2 + v,17) s,B0T s,abfv, s,ab0
(sh + 1) Y1 Y2V (s + )1 V2 (s + m)¥,2 (s + m)p (e, + 1) (s + )1t
0 0 0 0 0
0 0 0 0 0
acs,(My,1 + vh) acs,
TN 5 ) v 0 0 0
[CREALATA (s + )71
0 0 0 0 0
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Original Model: Global Stability . . . .
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Theorem 2.2 [Shuai and Van Den Driessche]

If
v/ T C RP™ is compact such that (0,yp) €T,
v Tis positively invariant with respect to the system,
Viy= g(0,y) has a unique equilibrium y = yg > 0 that is GAS
in RY,
v’ f(x,y) > 0 with £6e36)==0 in T, and
v F>0, V! >0, V-1F beirreducible.
Then
e If Ry < 1, then the DFE is GAS in T.

X If Ry > 1, then the DFE is unstable, the system is uniformly
persistent, and there exists at least one endemic equilibrium
point.

S. Bates, H. Hutson Missouri State University REU
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The Modified Zika Model

The Gao et. al. model was modified according to Manore et. al.

Sh = un(Hn — Sh) — abgr- S — pEBHEATIR S,

En = 0(abjeSh+ BEEERETIRS,) — (1 + i) Ey

It = vhEn— (Yh1 + n) k1

e = wil — (Yh2 + pn)ln2

An = (1-0) (abfeSp+ BEEEERLETR S ) — (9 + ) Ay
Rn = welw2 +vhAn — R

Soo= (vo—#N) N, - acBns, — p,S,

E, = ac%&, — (vv + ) Ey

f, ="ESSTN,
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Modified Model: Local Stability Missouri State University

Modified Model: Equilibrium Points

e The modified model has one Disease-Free equilibrium point,
DFE = (H,0,0,0,0,0, K,,0,0).

e Use Routh-Hurwitz to ensure that they are hyperbolic and
locally stable equilibrium points.

e We have numerically confirmed the existence of at least one
Endemic equilibrium point (EE).
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Linearization

e Study linear systems z = Az.

e A system is linearized using the Jacobian

— (=)

521
A= Df(Zo) = e
5f 5f
521 (Zo) ..
e Local stability of an equilibrium point of a linear system is
determined by looking at the real part of the eigenvalues of
A = Df(z).
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Modified Model: Local Stability

Modified Model: Jacobian

Missouri State University

— 1, 0 0 0 0 —ab —Br -8 —Br
0 — 0 Y 0 0 0 0 Y2
acK,m acK,
0 0 n, — W, 0 2p, — Vv, 2p, — Vv, - - 0
H, H,
0 0 0 A 0 ab(1 — 0) Br(l — 6) B(1 — 6) BT(1— 0)
acK,m ackK,
0 0 0 0 —p, — v, 0 —_— 0
Hy Hy
0 0 0 0 v — 0 0 0
0 0 0 0 0 b6 BOK — p, — v, 86 BoT
0 0 0 0 0 0 v, —Y1 — M 0
0 0 0 0 0 0 0 Vil Y2 M
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We have found the following sufficient conditions for DFE to be
locally stable:

R+T+V+W+pu, >Bk
RT+RV A+ TVAHRW +TW + VW + (R+ T+ V + W)p, > B(k(R+V + W + 1) + vp)
RTV + RTW + RVW + TVW + py(RT + RV + TV + RW + TW + VW)
> ASnuvy 4+ B(K(RV + RW + VW + py (R+ V + W) + vp(R+ V + py + Y1 7))
RTVW + puy(RTV + RTW + RVW + TVW)
> ASvy(Vn + Wn + vp) + B(ym v + £(RVW + py(RV + RW + VW) + vp(RV + Ruy + Viuy — Ryp 7))
RTVWpu, > ASVu,(Wn + vp) + Buy(RVWE + vp(RV 4+ Ryp 7))

where
R=upu,+v, S = abb
W = 1 + 1 V =y + pn
T:Mh—i—yh B:BG
acK,
A:
Hp
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Modified Model: Global Stability
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Modified Model: Global Stability

Modified Model: Feasible Region I

; ) N,
Np = pnHp — i Np N, = r,N, <1 - K)
1
_ —pht —
Nh(t) = Hh + k3e Fh Nv(t) — KV <]. + ervt"!‘k‘lKV—l>
i Nh(e) = Jim, Mufe) = K.

Thus, our feasible region is defined as:

[ = {Sh, En, Int, In2, An, R, Sv, Ev, I, € R, |
Sh+Ep+ I+ 2+ Ap+ Ry < Hp, Sy +E, + 1, <Ko}

S. Bates, H. Hutson Missouri State University REU 38 /71



]
Missouri State University 2
Modified Model: Global Stability

Modified Model: Equilibrium Points in [

e The Disease-Free equilibrium,
DFE = (H,0,0,0,0,0,K,,0,0) € T.

e The DFE = (H;,0,0,0,0,0, K,,0,0) is GAS in the
disease-free subsystem because we have already seen that
tlim Np(t) = Hp and tlim N, (t) = K,.

— 00 — 00
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Modified Model: Global Stability

Theorem 2.2 [Shuai and Van Den Driessche]

If
vV I c Ri+q is compact such that (0,yp) €T,
vV Tis positively invariant with respect to the system,
v y = g(0,y) has a unique equilibrium y = yo > 0 that is GAS
in RY,
e f(x,y) > 0 with f663)=0in T, and
e F>0,V-1>0, VIF be irreducible.
Then
e If Ry < 1, then the DFE is GAS in T.

x If Ry > 1, then the DFE is unstable, the system is uniformly
persistent, and there exists at least one endemic equilibrium
point.
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Modified Model: Global Stability

Modified Model: F and V

i I, KEp + 11 + Tlko i
9 <3bIVhSh + 6 Nh 5h>
0
F = 0
E,+ 1
acWSV
- 0 -
and
(v + 1on) En

(vh1 + pr) by — vhEp

V= (vh2 + tn)lh2 — vh1lm
(Vv + ,LLV)EV
,lev -k,
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Modified Model: Global Stability

Modified Model: F(x,y) and V(x,y)

Bk B9 BOT 0 abd
0 0 0O 0 O
l 0 0 0 0 O
F= acnK, acK, 0 0 0 =0
Hy Hy
0 0 0 0 0 |
and
fih + vp 0 0 0 0
—Vh Y1t Hh 0 0 0
V= 0 —Yh1 Vw2 T W 0 0
0 0 0 p+wv, O
0 0 0 —Vy Hv
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Modified Model: Global Stability =

Modified Model: f(x,y)

f(va) = (F—V)X—./T“(X,y)-i-V(X,y)

i O(Nn — Sp)(abl, + B(KEL + In1 + Tlh2)) i
N
0
f= 0 >0
ac(KVNh = HhSV)(nEh + /hl)
HpNp
0

f(Hh7 Eh: Ihla Ih27 07 Oa KV7 EV7 IV) 7£ 0
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Modified Model: Global Stability

Numerical Simulation: Ry < 1

500000,
— S"
— Eh
400000 It
Ih2
An
5 300000 R,
o - E
< 200000 ’
Iy
100000
O(j 100000 200000 300000 400000 500000
Time (days)
Ry = 0.996127
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Modified Model: Global Stability

Numerical Simulation: Ry > 1

Missouri State University

c Rp
H .
o | - E,
o6 [
v
0.4 |1
! “ ™\
0A2l ! \ NS
| -
1 [ =
0'00 100000 200000 300000 400000 500000
Time (days)
Ry = 1.00605
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Modified Model: Global Stability

Theorem 2.2 [Shuai and Van Den Driessche]

If
v Tc RT" is compact such that (0,y0) €T,
vV Tis positively invariant with respect to the system,
v y = g(0,y) has a unique equilibrium y = yp > 0 that is GAS
in RY,
v/ f(x,y) > 0 with ey0)==0 in T, and
e F>0, V! >0, V-1F beirreducible.
Then
e If Ry < 1, then the DFE is GAS in I'.

x If Ry > 1, then the DFE is unstable, the system is uniformly
persistent, and there exists at least one endemic equilibrium
point.
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Modified Model: Global Stability

Modified Model: V~1(x, y)

1

_ 0 0 0

Kh+vp
vy 1

_ _ 0 0
v1l_— (vm + £n) (1 + vh) Vb1 + K >0
Vh1Vh Th1 1 o -t
(vh1 + mn)(vm2 + r)(n +vn) (e + mn) (Y2 + #0)  Yh2 + B L
0 0 0 —
By
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Modified Model: Global Stability

Modified Model: Next Generation Matrix

BO((vi2 + wa)(5(v,1 + ) + 1) + vavs7)

BO(v,2 + ky +v,17) BoOT abv, 0 ab6

(Va1 + ma) (V2 + 1) (ke + 1) (Va1 + #a)(vi2 + 1) V2 + B w(py +v) oy
0 0 0 0 0
0 0 0 0 0

ack, (n(v,1 + #s) + ) 0 0 0
Hy (Y1 + ) (ke + 1)

0

S. Bates, H. Hutson

Missouri State University REU 48 / 71



di il Missouri State University
Modified Model: Global Stability

Theorem 2.2 [Shuai and Van Den Driessche]

If
v/ T C RP™ is compact such that (0,yp) €T,
v Tis positively invariant with respect to the system,
Viy= g(0,y) has a unique equilibrium y = yg > 0 that is GAS
in RY,
v’ f(x,y) > 0 with £6e36)==0 in T, and
v F>0, V! >0, V-1F beirreducible.
Then
e If Ry < 1, then the DFE is GAS in T.

x If Ry > 1, then the DFE is unstable, the system is uniformly
persistent, and there exists at least one endemic equilibrium
point.

S. Bates, H. Hutson Missouri State University REU
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Modified Model: Global Stability

Theorem 3.5 [Shuai and Van Den Driessche]

Goal is to construct a Liapunov function, D(z).

There exist functions D; : U —+ R and Gj; : U — R and

e constants a; > 0 such that

forevery 1 <i<n, D} <377, 2;G;(z). And

for A = [ajj], each directed cycle C of G has

>_(s,r)ee(c) Grs(z) < 0 where £(C) denotes the arc set of the
directed cycle C.

Then the function /
= Z ¢iDi(z
i=1

is a Liapunov function for the system.
S. Bates, H. Hutson Missouri State University REU 50 /71
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Modified Model: Global Stability

Modified Model: D;'s

S
Di=S,—Si—S;In22  fori=12,34
Sh
E
Ds=E,— Ef —E/'In—
E,
* * Ihl
D6 — Ih]_ — Ihl — Ihl |n IT
hl
/
D7 =l — Iy — I In I’i
h2

D;=S,—S*—S’In _% for j = 8,9

E,

E;
I,
I
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Modified Model: Global Stability

Modified Model: D;'s continued

Differentiation yields

Missouri State University

1555 (1 l, 1,Sh I,Sh
Di<"ah AR, T, 2V In %
"= (/5 "I /55:“/;‘5:)

t g 20Eh <E” i _Endno Eh5h>
Ny \E By ES ;S
+5% (lhl Cpter IhSh i /h15h>
Ny \ln ST SR I Sh
+pril (122 - 22y )
h \lh h2 'h22n h22h

= a4,11Ga.11 + a15 G15 + a36G36 + a27 Gy

S. Bates, H. Hutson

Missouri State University REU

A
.8)8,8)
rerer]

52 / 71



]
Missouri State University 2
Modified Model: Global Stability

Modified Model: D;'s continued

L < abh L —hpnh
N \lst LS ETTE

%5;5;; (Bz-nge-g+ng)
Ny \E;S; E;S; E E
S*I* /h]_Sh Ih]_Sh Eh Eh
+59hfl<**—|“**—* In =
Ny \ 1S I5S; E E;

S;;/;z </h25h —In /h25h Eh +| Eh>
N: \ 15S; 1S;  Ef " E

:= a54 Gsa + as1 Gs1 + a53Gs3 + as52Gso

5h<lvs,, S En E,,>

+ [0t

Ep En Im I
D: < v, Ef —In — +1ln— ) := G
6 > VhLp (E* E* /;1 I* ae5 65
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Modified Model: Global Stability

Modified Model: D;'s continued

/ / / /
D; < Ymlp (Ih*l —In /th = IhT2 +In /h*2> = a76Grg
h1 no h h?
E:S* (Ey  En EpS, . EnSy
D/ < h<v —n —I =n |
NN <E;; "Er T Es: T "Es;
_i_aclffl v (/hl it ISy /h15v)

* * Tk * Cx +In * Cx
Nh /hl lhl /hl SV Ihl Sv

:= ags Gos + age Gge
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Modified Model: Global Stability

Modified Model: D;'s continued

E*S* E v E v Ev EV
Dioﬁacﬁh‘/(hs =1 S >

S A il
N \Es: "EsS: E"E
1 S* [ 1,1S 11 S E, E,
+ acn hl*v ( Zl : —In Zl : —‘;—I—In:>
Np N\ 1S InsS:  E E;
:= a10,0 610,90 + 210,8G10,8
(EV E, I, /

—|n—+|nv> := a11,10G11,10
E; E; I Iy

D:/l]. S I/VE>'<

v
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Modified Model: Global Stability

Modified Model: The Sydney Graph

Note thatg; >0 <>

dios
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di il Missouri State University
Modified Model: Global Stability

Modified Model: Directed Cycles

Consider:

@ the cycle beginning at node 1, going to node 5, and returning
to node 1,

@® the cycle beginning at node 5, going to nodes 6 then 3, and
returning to node 5,

© the cycle beginning at node 5, going to nodes 6, 7, then 2,
and returning to node 5,

O the cycle beginning at node 5, going to nodes 9, 10, 11, then
4, and returning to node 5,

@ the cycle beginning at node 5, going to nodes 6, 8, 10, 11,
then 4, and returning to node 5.
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Modified Model: Global Stability

Theorem 3.5 [Shuai and Van Den Driessche]

If
v/ There exist functions Di:U—Rand Gj: U—Rand
v/ constants ajj > 0 such that
v for every 1<i<n, D/ < Z}’Zl ajjGjj(z). And
v for A= [ajj], each directed cycle C of G has

>_(s.r)ee(c) Grs(z) < 0 where £(C) denotes the arc set of the
directed cycle C.

Then the function

n

D(z) = ciDi(2)

i=1
is a Liapunov function for the system.
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Modified Model: Global Stability

Modified Model: Constructing Constants ¢;

o1 32 _ d53 _ d4
' ais axy ase ds11
Cy = 1
= as3 + asp n a54a10,8 _ Si0(ably Iy + BMmEL + 1)U + 7))
ass aes5(a10,8 + a10,9) vhEE N (E; + 1)

asy _ POTIRS,

N are Yl N;
o= as4a10,8 _ 354310,9 l bol; Sy
age(ai0,8 + a100)  aos(awos + aw00)  <cS;(nE; + 1)
—— dsa N bo1; Sy
awos +awoe  cS;(nE;F+ 1)
dsg abHIj 5;;
1 = =

a0 WERNS

S. Bates, H. Hutson Missouri State University REU



]
Missouri State University 2
Modified Model: Global Stability

Modified Model: Constructing the Liapunov Function D

D = ¢;Dj + csDs + c6Dg + c7Dg + ¢;Dj + c10D10 + c11 D11
Sh E
= <5/7—S;,k Shlns*) + o5 <Eh—E,f—EhInEZ>

In1 /
Ihl Ih2

* * SV * * EV
+q<sv_5"_5v|n5\’j>+clo <EV—EV—EVInE*>

—|—C11</V—/ —/*| ;:)
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di il Missouri State University
Modified Model: Global Stability

LaSalle’s Invariance Principle

If
vV TCDCR"bea compact positively invariant set,
vV V:D—>Rbea continuously differentiable function,
v V(x(t))<0inT,
o E C T be the set of all points in I where V/(x) = 0, and
e M C E be the largest invariant set in E.

Then every solution starting in I approaches M as t — oo, that is,

i | g0 -l | o
—_———

dist (x(t), M)
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Modified Model: Global Stability

Modified Model: LaSalle’s Invariance Principle

e Note that

g S, — SF . E, — EF . I — I . I — 1% .
s (u) S+ o (u) E + s (u) It o (u) I
Sh Ep I Ih2
S, — S\ E,—E:\ . Iy — 12\ -
+Cj( 5 >5v+C1o< 3 )Ev—i-ql( . )lv

which only equals zero at the EE.

e Since D is a Liapunov function and the EE is the only set
where D = 0, we can conclude that the EE is the largest
invariant set M C E.

e Thus, under numerical simulations supporting Theorem 2.2
and LaSalle's Invariance Principle, we can conclude that the
EE is GAS in [ when Ry > 1.
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Modified Model: Global Stability

Numerical Simulation
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300 Ih2
An
= Ry
S
K Sy
3
p2l | E,
o
l‘ N IV
100} l )
| ..
V | ". i
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Appendix Missouri State University

Stable Manifold Theorem

Let £ be an open subset of R"” containing the origin, let

f € CL(E), and let ¢; be the flow of the nonlinear system.
Suppose that f(0) = 0 and that Df(0) = 0 has k eigenvalues with
negative real part and n — k eigenvalues with positive real part.
Then there exists a k-dimensional differentiable manifold S
tangent to the stable subspace E® of the linear system at 0 such
that for all t > 0, ¢+(S) C S and for all xp € S.

o135, #eb0) =0

and there exists an n — k dimensional differentiable manifold U
tangent to the unstable subspace EY of the corresponding linear
system at 0 such that for all t <0, ¢(U) C U and for all xg € U,

A, 9elbo) =0
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Hartman-Grobman Theorem

Let £ be an open subset of R"” containing the origin, let

f € CL(E), and let ¢; be the flow of the nonlinear system.
Suppose that f(0) = 0 and that the matrix A = DF(0) has no
eigenvalue with zero real part. Then there exists a homeomorphism
H of an open set U containing the origin onto an open set V
containing the origin such that for xg € U, there is an open
interval Iy € R containing zero such that for all x € U and t € [y

H o ¢+(x0) = e H(xo)

i.e., H maps trajectories of the nonlinear system near the origin
onto trajectories of the linear system near the origin and preserves
the parametrization of time.
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Local Center Manifold Theorem

Let f € C"(E) where E is an open subset of R” containing the
origin and r > 1. Suppose that f(0) = 0 and that Df(0) has ¢
eigenvalues with zero real parts and s eigenvalues with negative
real parts, where ¢ +s = n. The nonlinear system x" = f(x) can
then be written in diagonal form

x = Cx+F(x,y)
y = Py+G(xy)

where (x,y) € R¢ x R®, C is a square matrix with c eigenvalues
having zero real part, P is a square matrix with s eigenvalues
having negative real part, and F(0) = G(0) = 0,

DF(0) = DG(0) = 0; furthermore, there exists a § > 0 and
function h € C"(Ns(0)) that defines the local center manifold and
satisfies
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Local Center Manifold Theorem

Dh(x)[Cx + F(x, h(x))] — Ph(x) — G(x,h(x)) =0

for |x| < ¢; and the flow on the center manifold W<€ is defined by
the system of differential equations x’ = Cx + F(x, h(x)) for all
x € R with |x| < §.
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Routh-Hurwitz Criterion

Consider a three dimensional system. If the characteristic
polynomial
)\3 + 81>\2 + 32)\ + a3

satisfies the following:

a3 >0,
a3 >0,
aiar —a3 >0

then the equilibrium point is locally stable.
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Spectral Radius

The spectral radius of a matrix or bounded linear operator is the
supremum among the absolute values of the elements in its
spectrum. The spectrum of such a matrix is its set of eingenvalues,
but the spectrum of a linear operator T : V — V is the set of
scalars A such that T — A/ is non-invertible.
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Partitioned Inversion (Using Shur Complements)

Given a partitioned matrix M:

_ A B
= [ CD }
v (M/D)~ ~(M/D)'BA™!
- [ -D-'¢(M/D)"! D!'+D'c(M/D)"'BD?
Where
(M/D)"t=A"1+AB(M/A)ICA!

if A and D are non-singular
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