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Dynamical Systems

e A dynamical system may be defined as

z="1(z,))
zeR" AeR™,
f:R"” — R".

e A system has a equilibrium point when there exists a zg € R"
such that f(zg,\) =0

T. Stoller Missouri State University REU 3/95



Background Information

Missouri State University

Outline

Linearization

Stability

Matrix Theoretic Method
Global

Graph Theoretic Method

Dynamical Systems

Sotomayor's Theorem
Bifurcations
Global

T. Stoller Missouri State University REU

4/ 95



Background Information

Missouri State University

Equilibria Types and Stability Analysis

e Hyperbolic Equilibrium
e Linearization
e Stable Manifold Theorem and Hartman-Grobman Theorem

e Non-hyperbolic Equilibrium

e Center Manifold Theorem
e Liapunov Functions
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Linearization

e Study linear systems z = Az.

e A system is linearized using the Jacobian

oh 0f

(521 57, %) 5zn 52, (%0)
A= Df(Zo) = .

5f 5f

—(20)

071

e Local stability of an equilibrium point of a linear system is
determined by looking at the real part of the eigenvalues of
A = Df(z).
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Local Center Manifold Theorem

Let f € C"(E) where E is an open subset of R” containing the
origin and r > 1. Suppose that f(0) = 0 and that Df(0) has ¢
eigenvalues with zero real parts and s eigenvalues with negative
real parts, where ¢ +s = n. The nonlinear system x" = f(x) can
then be written in diagonal form

x = Cx+F(x,y)
y = Py+G(xy)

where (x,y) € R¢ x R®, C is a square matrix with c eigenvalues
having zero real part, P is a square matrix with s eigenvalues
having negative real part, and F(0) = G(0) = 0,

DF(0) = DG(0) = 0; furthermore, there exists a § > 0 and
function h € C"(Ns(0)) that defines the local center manifold and
satisfies
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Local Center Manifold Theorem

Dh(x)[Cx + F(x, h(x))] — Ph(x) — G(x,h(x)) =0

for |x| < ¢; and the flow on the center manifold W<€ is defined by
the system of differential equations x’ = Cx + F(x, h(x)) for all
x € R with |x| < §.
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Basic Reproduction Number

e The reproduction number, Ry, is defined biologically as the
average number of individuals infected by a single infected
individual entering the susceptible population.

e Ry is defined mathematically as the spectral radius, p(A), of
matrix A which is the Next Generation Matrix (FV~1).
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Ebola Background Information

e The 2014 Ebola outbreak in West Africa was one of the most
devastating disease outbreaks in recent history.

e Ebola virus disease (EVD) is spread through direct
transmission, and is often transmitted to those in close
contact with infected individuals.

e The average fatality rate of the Ebola disease is around 50%,
and case rates have varied from 25% to 90%.

e The Ebola virus has no vaccine, although multiple candidate
vaccines are undergoing clinical trial.

e From 2014-2016, the Ebola outbreak in West Africa, primarily

in the countries of Guinea, Sierra Leone, and Liberia, had
11,310 confirmed Ebola deaths.
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Shen Model

Consider the following 8-dimensional model proposed by Shen et.
al. in 2015 to model the Ebola virus

[ _(ﬁ/+56J,\-I&-ﬂDD)5 —¢S

VvV = 55 + (ﬁ/-‘rﬁeJﬁﬁDD)nV

| = @tfeitpoD)smV) o p
Eé = kE — (kg =+ fT)EQ

" = szg—(Oé—{—’y)/

J = fTEz—l—Oél—i-’er

D' = 6,+d,J—~pD
R = (1-&)yl+(1—8)yJ
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Shen Model

This model has a few major issues including
e Shen assumes a small time scale, so there are no enedemic
equilibrium points.
e Shen has no population growth terms, so susceptible
individuals can only exist if there is no disease.

e Shen assumes a constant population N. N is defined
mathematically as N =S + V + --- + R though.
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Shen Model Modified

| have proposed the following potential modifications to this
original model

e Shen's model could be modified to keep individuals from
leaving the system by assuming no individuals die.

e Shen’'s model could be modified to substitute the summation
of variables in for N.

e Shen's model could be generalized by adding natural
population growth and death terms, allowing N to represent a
maximum population instead of a total population

| have chosen to do stability analysis on the original Shen model,
the first proposed modified model, and the generalized Shen
model. We will examine the stability of the original and generalized
model shortly.
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Original Shen Model Local Stability

e The original Shen model has the disease free equilibrium
points DFE; = (0,Vv,0,0,0,0,0,R) with V >0,R >0, and
V+R=N.

o If we assume there is no vaccine, we may also have
equilibrium points of the form DFE, = 5,0,0,0,0,0, R) with
§$>0,and S+ R=N.

e While the origin is not biologically relevant due to the
assumption that N is a fixed parameter, it is still interesting
mathematically.

T. Stoller Missouri State University REU 14 / 95



Original Shen Model

Missouri State University

Theorem 1

Theorem (1)

If the system has initial condition Vo = 0, then the Shen Model is
locally asymptotically stable at the origin.
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Theorem 1 Proof

Computing the Jacobian of this system and evaluating the
Jacobian at the origin gives us:

—£ 0 0 0 0 0 0 0

13 0 0 0 0 0 0 0

0 0 —k1 0 0 0 0 0

| 0o 0 Kk —fr—k 0 0 0o o0
W0,....00=1| ¢ o5 ko —a— 0 0 0
0 0 0 fr « —r 0 0

0 0] 0 0 5y Svr —vp 0

0 0 o0 0 (-1 —y(—-1) 0 0

which has eigenvalues

A= 07 07 _kla _57 _5’% —Yr _fT - k27 —a =7

T. Stoller Missouri State University REU 16 / 95
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Theorem 1 Proof Continued(1)

However, since this equation has eigenvalues with zero real part,
we want to consider the Jacobian in a block diagonalized form. To
do this, we permute the equations of the system to get

R = (1-=8)yl+(1-20)J

e B €S — (5’+5€JEﬁDD)77V

E{ _ (BI+B€J+BALI>D)(S+7]V) . klEl
Eé = kE — (/(2 + fT)Ez

I' = kE—(a+7)l

J = frE+al—vJ

D' = 6yl +6y,J—~pD

s - _(B/+56J,\I+BDD)5 — ¢S

T. Stoller Missouri State University REU
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Theorem 1 Proof Continued(2)

Computing the Jacobian of this system and evaluating it at the
disease free equilibrium gives us:

0o o o 0 ¥1-08) ~y(1-68) 0 0
0 0 0 0 0 0 0 £

0 0 —k1 0 0 0 0 0

o o] kK —fr—k 0 0 0 0
W....00=1 45 5| o ko —a Ao 0 0 0
0 0 0 fr « —vr 0 0

0 0 0 0 &y 5vr —vD 0

0 0 0 0 0 0 0 —£
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Theorem 1 Proof Continued(3)

Finally, using a similarity transformation, we find the matrix in
block diagonalized form below.

0o o o 0 0 0 0 0
0 o o 0 0 0 0 0
0 0] —ki 0 0 0 0 0

. o of o 3 0 0 0 0

JO..0=1 45 o ¢ 0 —vp 0 0 0
o o o 0 0 —r 0 0
o o o 0 0 0 —fr—ky 0
o o o 0 0 0 0 —a—

This matrix has eigenvalues

A= 07 07 _k17 _57 —YDs —Vr» _fT - k27 —a =7
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Theorem 1 Proof Continued(4)

We now consider the behavior of solutions on the center manifold.
Using the center manifold theorem, we rewrite the system as

follows. )
. 0 0 (1= 8)yl + (1 — &)y
x=| 49 o |[x]+ g5 — (BI+BeT+BpDIMY
N
(B1+BeJ+BpD)(S+nV)
—ky 0 0 0 0 0 N
ki —(ko + fr) 0 0 0 0 0
o 0 ko —(a+7) 0 0 0
Y=1 o fr o — 0 o [y I+ g
0 0 Sy Sy =D 0 0
© 9 e OF _ (Bl+BeJ+BpD)(S)
N
Missouri State University REU 20 / 95
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Theorem 1 Proof Continued(5)

We now consider the approximation to the center manifold given
by:
V1R + RV +13V2 + O(x3)
hx) YaR? + hsRV + 16 V? + O(x3)
x) = ,

Y16R? + 17RV + 15V + O(x3)
Substituting h(x) into the equation

Dh(x)[Cx + F(x, h(x))] — Ph(x) — G(x,h(x)) =0

T. Stoller Missouri State University REU 21 /95
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Theorem 1 Proof Continued(6)

O(x*) — Ph(x) = 0

Solving for the coefficients 1; in Matlab yields that this
equation only holds if ¥; = 0 for all /. Hence, we have
h(x) = 0.

Substituting h(x) = 0 into the approximation to the center
manifold x = Cx + F(x, h(x)) we get

T. Stoller Missouri State University REU 22 /95
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Theorem 1 Proof Continued(7)

Where R(0) and 5$(0) correspond to the initial conditions of
those equations. R(0) can reasonably be assumed to have
intial condition R(0) = 0, but V could start from any value.
However, using the initial assumption of the theorem,

V(0) = 0. Therefore, the origin is locally asymptotically
stable.

T. Stoller Missouri State University REU 23 /95
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Difficulties of local stability

e Computational difficulties of local stability at other
equilibrium points

e Computational difficulties with more complex models

e Global Stability

T. Stoller Missouri State University REU
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Example Jacobian

—p—£—-X 0 0 0 X X X 0

13 —p—X 0 0 X X X 0

X X —k - 0 X X X 0

e 0 0 k —fr—kp — 0 0 0 0
0 0 0 ko —a— = 0 0 0

0 0 0 fr el — = Y 0 0

0 0 0 0 5y Syr —D 0

0 0 0 0 (1 —=96) Yr(1 — 6) 0 —p

The X's in the Jacobian evaluated at the endemic equilibrium
point represent very large, real-valued entries that weren't feasible
to be displayed here.

T. Stoller Missouri State University REU 25 /95
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Theorem 2.1 [Shuai and Van Den Driessche]

Goal is to construct a Liapunov function, Q.

If
e f(x,y)>0inT C Ri+q,
e F>0,V1>0, and
o RO < 1.

Then the function
Q=wV1x

where w is the left eigenvector of FV~! associated with Ry is a
Liapunov function for the system on I.

T. Stoller Missouri State University REU 27 / 95
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Theorem 2.2 [Shuai and Van Den Driessche]

I ¢ R2"9 is compact such that (0,y0) €T,

I" is positively invariant with respect to the system,

y = g(0,y) has a unique equilibrium y = yo > 0 that is GAS
in RY,
f(x,y) > 0 with f(x,y0) =0in T, and
e F>0, V-1>0, VIF be irreducible.
Then
e If Ry < 1, then the DFE is GAS in T.

o If Ry > 1, then the DFE is unstable, the system is uniformly
persistent, and there exists at least one endemic equilibrium
point.

T. Stoller Missouri State University REU
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Original Shen Model

S — _(6I+(6€JN+IBDD)S _)55
- Bl+BeJ+BpD)nV
v 2 g ol
E{ _ (B +66J+5I6 )(S+nV) o kl El
Eé = kE — (k2 + fT)E2

" = szg—(Oé+’Y)/
J = fFE+al +~,.J
D' = &,+6,J—pD

R = (1—=8)y/+(1—68)yJ

o First, we proved that we have a feasible region
F={zeR®:z>0,z<K} which is compact and positively
invariant.
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Theorem 2.2 [Shuai and Van Den Driessche]

If
vV Ic Ri+q be compact such that (0,y0) €T,

v T be positively invariant with respect to the system,
e y = g(0,y) has a unique equilibrium y = yp > 0 that is GAS
in RY,
e f(x,y) > 0 with f(x,%) =0inT, and
e F>0,V1>0, VIF be irreducible.
Then
e If Ry < 1, then the DFE is GAS in T.

o If Ry > 1, then the DFE is unstable, the system is uniformly
persistent, and there exists at least one endemic equilibrium
point.

T. Stoller Missouri State University REU 30/ 95
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Shen Model: Equilibrium Point

e The Disease-Free Equilibrium (DFE) is the origin which is
contained in [ where

e The origin is GAS in the disease-free subsystem because

S —£S
Vi = ¢S
R =0

e So we have solution
S = ¢
V = —e ¢
R = R(0)

T. Stoller Missouri State University REU 31/95
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Theorem 2.2 [Shuai and Van Den Driessche]

If
vV Ic Ri+q be compact such that (0,y0) €T,

v T be positively invariant with respect to the system,
v y = g(0,y) has a unique equilibrium y = yo > 0 that is GAS
in RY,
e f(x,y) > 0 with f(x,%) =0inT, and
e F>0,V1>0, VIF be irreducible.
Then
e If Ry < 1, then the DFE is GAS in T.

o If Ry > 1, then the DFE is unstable, the system is uniformly
persistent, and there exists at least one endemic equilibrium
point.

T. Stoller Missouri State University REU 32/95
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Shen Model Global Stability at DFE (1)

e First, we considered the global stability of the system at the
origin, and then at DFE;.

e We will be considering the global stability of the system with
the assumption that there is no vaccine.

T. Stoller Missouri State University REU 33 /95
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Shen Model Global Stability at DFE (2)

e This gives us the 7-dimensional system

s - _(BI4+BeJ+5pD)S
i N
£ (rsesthn)s) g
Eé = kE — (k2 + fT)E2
/ = kkE — (a + ’y)l

J = fTEQ—i-Oé/—’)’rJ
oyl + é6v,d —ypD
= (1= +@1—05)J

Evllv)
I

T. Stoller Missouri State University REU 34 /95
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Shen Model Global Stability at DFE (3)

e The feasible region I' remains the same.

[ )
(,6’/+55J4Arlﬁo D)(5) ki E;
0 —kiE1 + (ko + 1) E2
X = — —koEy + (v + )l

—frE —al + ¥rd
—0yl — 6y, +~vpD

o O O

_ (6I+55JE,3DD)(S)

Y= @y (1 8y

T. Stoller Missouri State University REU 35 /95
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Shen Model Global Stability at DFE (4)

00 % N "
0 0 0 0 0
F(0,yo)=]0 0 © 0 0
00 O 0 0
00 O 0 0
kq 0 0 0 0
—ki ko + fr 0 0 0
V(x,y) = 0 —ky a+7y 0 0
0 —fr -« Yy 0
0 0 =0y =07 D

T. Stoller Missouri State University REU 36 / 95
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Shen Model Global Stability at DFE (5)

(5_5)(W)
0

f(x,y) = 0
0
0

o If S =N, then f(x,y) > 0.

e For now, we will assume S = N.

T. Stoller Missouri State University REU 37 /95



Original Shen Model ; . . .
Missouri State University

Shen Model Global Stability at DFE (6)

e We calculated FV~! and V~LF explicitly. FV~! is a matrix
with positive entries in the first row and zero entries
everywhere else. V~1F has two columns of zeros and positive
entries everywhere else.

Theorem [Seneta]

Let A,xn be irreducible and Metzler. Then the eigenvalue with
largest real part is real and it has a positive associated eigenvector.

e Using the next generation matrix FV 1, we find Ry to be

T. Stoller Missouri State University REU 38 /95
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Basic Reproduction Number

Ro = p(FV)=(1-06)5:1

aty
+Be |(1 = 0)(555)(5,) + 05| + 38D
with the substitution 1 — 6 = K.

T. Stoller Missouri State University REU 39 /95
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Model Global Stability at DFE (7)

e Let w' be defined as the left eigenvector corresponding to Ry
in (Fv—1)T.

e (0,y0) €I, T is positively invariant, f(x,y) > 0 with
f(x,y0) =0 €T, and F and V™! are both non-negative.

e While V71F is not irreducible, irreducibility was only used to
show the non-negative condition of w' in the proof of Shuai
Theorem 2.2.

e Considering the disease free system y = g(x,y) with the
disease compartment set equal to 0, we have the system

T. Stoller Missouri State University REU 40 / 95
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Shen Model Global Stability at DFE (8)

[ ]
ds
% 0
T 0

T. Stoller Missouri State University REU 41 /95
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Model Global Stability at DFE (9)

e Assuming the disease free system starts at values Sy = S and
Ro = :F\’ we find that the disease free system has a unique
globally asymptotically stable solution. Therefore, we may
conclude by Shuai Theorem 2.2:

e If Ry < 1, then the disease free equilibrium point is globally
asymptotically stable in '

o If Ry > 1, then the disease free equilibrium point is unstable,
and there exists at least one endemic equilibrium point.

T. Stoller Missouri State University REU 42 / 95
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Theorem 2.2 [Shuai and Van Den Driessche]

If
v/ T C RP™ be compact such that (0,yp) €T,
v T be positively invariant with respect to the system,
Viy= g(0,y) has a unique equilibrium y = yg > 0 that is GAS
in RY,
v/ f(x,y) > 0 with f(x,y) =0 in T, and
v/ F>0,V~1>0, VIF be irreducible.
Then
e If Ry < 1, then the DFE is GAS in T.

e If Ry > 1, then the DFE is unstable, the system is uniformly
persistent, and there exists at least one endemic equilibrium
point.

T. Stoller Missouri State University REU
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Shen Model Global Stability at DFE: Conclusions

e This result may seem quite useful at first glance, but upon
examining the assumptions made during this proof we find
that this result only holds if 5o =S = N.

e We turn to modified models to attempt to better understand
the stability of such a system.
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Modified Shen Model

e Consider the following modified Shen Model

§ = _Bpels g
V' = g5 Brsemv
E, = @upelstv) 4 p

E' = kE — (ke +fT)E

/ = kb — (Oz—{—’y)/
J = frE+al —yJ
R v+ d

T. Stoller Missouri State University REU 45 / 95
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Equilibrium Points, Local Stability, and Global Stability

o Equilibrium points have the form (0, V/,0,0,0,0, R) where
V >0 and R > 0. Assuming there is no vaccine, equilibrium
points may take the form (5,0,0,0,0, R) with S > 0.

e Local stability and global stability is similar to the original
model

T. Stoller Missouri State University REU 46 / 95
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Generalized Shen Model

Generalized Shen Model

e Consider the following generalized Shen Model

% - A— (ﬁ’+5€JA7r5DD)5 —£5—uS

% = ¢S— (B/-I-ﬁEJ;ﬁDD)WV —uV

% ). (BI+65J+BA7D)(5+77V)  kEy — pE
G = kiEi— (ke +fr)E — uks

& = kb —(a+y)—pl

% = frE+al —yJ—puJ

ZT,F? = 0yl +dyJ —~pD

S = =0y + (1 =6y —uR

T. Stoller Missouri State University REU 47 / 95
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Generalized Shen Model

Equilibrium Points(1)

e The disease free equilibrium point can be easily calculated to
be DFE; = (£+# u(€+u)’o 0,0,0,0,0) = (S, v,0,0,0,0,0,0)
by setting the derivatives and disease variables equal to zero.

e To calculate the endemic equilibrium point, we first rewrote
E;,I*,J*, and D* in terms of E and solved for S*, V*, E}.
We calculated

T. Stoller Missouri State University REU 48 / 95
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Equilibrium Points(2)

5*
V*

Er

I*
J*
D*

R*

T. Stoller

AN

= Np+NE+BpD*+pI*+ped*

= (atytu)(ket+fr+p)

AN2E

Missouri State University

(Np+Bp D*n+B1*n+Be*n)(Npu+NE+Bp D* +B1*+BeJ*)

(A(Bp D™ +B1"+BeJ")(Npu+Bp D" n+B1" n+Nné+Bet" n))

(ki+p)(Np+Bp D*n+p1*n+Bet*n)(Nu+NE+Bp D*+p1* +BeJ*))

k2+f‘r+/£ El

kiko Eik

k(fr(aty+p)+aks) E*
1

= Tury) (ke ) (o y+ )

Ski(koyptkoyyr+yroko+y, fr(aty—+p))

Yo (ptr) (ke +fr+p) (a+y+p)

Er

(1=9) ki (koY itkoyyr+yrako vy fr(at~y+p)) E*

Yo (ptyr) (ke+fr+p) (atvy+p)

Missouri State University REU
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Global Stability of Generalized Shen model

e We now consider the global stability of the disease free
equilibrium point for this generalized model.

Theorem (2)

Assume that the initial values of the system satisfies at least one of

e The total population of the system is less than or equal to

N né
Etp + p(E+p)

e The vaccinated population is greater than v

Then the disease free equilibrium point of the generalized Shen
model is globally asymptotically stable if the basic reproduction
number Ry < 1, and if Ry > 1 the disease free equilibrium point is
unstable and there must exist at least one endemic equilibrium

point.

T. Stoller Missouri State University REU
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Generalized Shen Model

Proof of Theorem 2 (1)

e First we consider the feasible region of this system

(S"+V'+---+R) =AN=u(S+V+---+R)—ypD+puD

e We may assume yp > p without loss of generality
(biologically, this should be true for Ebola outbreaks). Hence,
we get

(5’+V’+-~+R/) <

S+V+---+R <
lim (S+V+---+R) <
t—o0

— S+ V+---+R)
+ Cel=mt

e Thus, we have some feasible region
r:{zeRS:ogzgg}.

T. Stoller Missouri State University REU 51 /95
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Generalized Shen Model

Proof of Theorem 2 (2)

(5/+B€J+BAL7D)(5+UV) kiE1 + pEy
0 —kiE1 + (ko + fr)Ex + pE>
X = 0 — —koEx + (v + ) + pul
0 —frE—al +~.J+ pd
0 =0yl — 6v,J +~vpD

T. Stoller Missouri State University REU 52 /95
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Proof of Theorem 2 (3)

A AE A AE
(Eatnmemd (Eatnmem)fe  (@antimen)fo

0
0
F(0, DFE;) = 0
0
0

O O O oo
O O O o=
O O O o=
O O O Oz
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Generalized Shen Model

Proof of Theorem 2 (4)

ki + p 0 0 0 0
—ki ke+fr+p 0 0 0
V(x,y) = 0 —ko a+y+p 0 0
0 —fr —Q Yr+p O
0 0 —07y —0vr D
[ (E—S+n(V-V)) (W) T
0
f(x.y) = 0
0
. O -

T. Stoller Missouri State University REU 54 / 95
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Proof of Theorem 2 (5)

e Consider the sign of f(x,y). The sign of the first term of f
determines f's sign, so we consider the conditions of its sign.

S—S+n(V-V) = (§+3V)—(5+)
= ($+u(§7iu))—(5+nv)

e Notice that the maximum value that S 4+ nV could take is %
where V =0 and S = 2. However, this would make f
negative, so this starting point is not feasible. However, if we

assume that S +nV < ﬁ + u(£+u) then f(x,y) > 0.
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Proof of Theorem 2 (6)

e Biologically, the assumptions require that either the population
starts below the maximum population by at least Ae(1-m)
the population starts with more vaccinated individuals tgnan
the equilibrium value for vaccinated individuals V. These
assumptions, while not ideal, are biologically feasible.

e V71 FV~—1 and V~1F were calculated to be very large and
non-negative matrices similar in structure to the unmodified
Shen model. w' was again a strictly non-negative vector with
large entries, so V'~ LF does not need to be irreducible.

e We now consider the disease free system with no disease,
y =g(0,y).
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Generalized Shen Model

Proof of Theorem 2 (7)

B = N-¢S5—uS
% = £S—pV (1)
& = —uR

s = A

€+k§ e
V = m + C]_e F (2)
R Cze_“t
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Generalized Shen Model

Proof of Theorem 2 (8)

e This solution corresponds to the disease free equilibrium point
as time approaches infinity.

o Therefore, by Shuai Theorem 2.2, whose conditions are all
met, we have

o If Ry < 1, then the disease free equilibrium point is globally
asymptotically stable in '

e If Ry > 1, then the disease free equilibrium point is unstable,
and there exists at least one endemic equilibrium point.
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Generalized Shen Model

Outline

Linearization

Stability

Matrix Theoretic Method
Global

Graph Theoretic Method

Dynamical Systems

Sotomayor's Theorem
Bifurcations
Global
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Generalized Shen Model

Global Stability of EE for Generalized Shen Model

Theorem (3)

If all the conditions for Theorem 2 are met, Ry > 1, V = 0 and the
maximum population N is biologically reasonable, then the
endemic equilibrium point is globally asymptotically stable in T .

To prove this theorem, we will look at the system using a graph
theoretic method proposed by Shuai.
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Theorem 3.5 [Shuai and Van Den Driessche]

Goal is to construct a Liapunov function, D(z).

There exist functions D; : U —+ R and Gj; : U — R and

e constants a; > 0 such that

forevery 1 <i<n, D} <377, 2;G;(z). And

for A = [ajj], each directed cycle C of G has

>_(s,r)ee(c) Grs(z) < 0 where £(C) denotes the arc set of the
directed cycle C.

Then the function /
= Z ¢iDi(z
i=1

is a Liapunov function for the system.
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Generalized Shen Graph Theoretic Method (1)

e \We start by differentiating Lotka-Volterra type Liapunov

functions.

Ds = S—-§"-SIhg
Dy = V-V*—V*In&
De, = Ei—Ef —EfIng
Dp, = E2—E5—Ejing
Dj = I—1*=1I*Inkt

D) = J—J—JInt
D = D-D*—D*Injk
D = R—R*—R'Ing
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Generalized Shen Model

Generalized Shen Graph Theoretic Method (2)

Bl+pBe)+BpD
N

e Before we differentiate, let x = and

x* = M,\W. We will be using the inequality

1 — x < —In(x) in all of the upcoming differentiation.

o Differentiating our D;'s, we find
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Generalized Shen Model

Generalized Shen Graph Theoretic Method (3)

D= (1-% ) -5 - (6 +)s

(1 - 5*> [X*S* — xS+ (£ + p)(S* = S)]

*)2
—x*S* xS -~ (g Y s %(gﬂé)(s — 5*)2
xS S*  x
< * C* 1_ »y
S [ *S* S x*}
e | X 2 xS xS
<x*S [X*— Pl *5*+| X*S*] a17G17
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Generalized Shen Model

Generalized Shen Graph Theoretic Method (4)

Dy = (1—\/\/*> [€S — xnV — uV]

S vV svx
pid [sfw‘vsﬁl} = Al
- N xV %4 X .
+ X T]V |:_X*V*+V*+X*_1:| =. 8277G277
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Generalized Shen Model

Generalized Shen Graph Theoretic Method (5)

*

Dg, = <1 - ’Z}l) [X(S +nV) = (ki + ) V]

xS xS E E;
< x*S* — — — +In— : G
S X S |:X*5* n S+ El* +In El*:| a31631
xV xV E E
*nVv* | ——+4+In—=| = G
+Xxn [X* v n V' Er E1*:| a3z 2032
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Generalized Shen Graph Theoretic Method (6)

*
E2
Eq 5 g =
53 .
< kaFf [E nEr T E TNy T sl
1 1 2 2
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Generalized Shen Graph Theoretic Method (7)
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Generalized Shen Graph Theoretic Method (8)

J*
E, = J J]
< frE; {* —In— — = +1In—-| =: 264G 4
2 | E Ex J J
/ / J J
+ al* |:I* — /nF P ﬁ + In J*:| = 3675G675

We may rewrite a6 5Gg 5 as

N -8, 1 / J J)}

L1
a6,5G6,5:1_Bozl [( N )(F_lnﬁ_ﬁ+lnﬁ
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Generalized Shen Graph Theoretic Method (9)

/ D*
Dp = (1 - D) [07! + vrJ —vpD]

T I D D
< oyl [/*_In/*_D*_'_ln D*] =:ar5Gr5
[J . J D D
+6’}/rJ |:J* — |nﬁ — E"‘ln D*:| = 377667,6

We may rewrite a7 6G7,6 as

1-B—Be,, J J D D

N (—=—-In———+In—=)

N *
37,6G7,6 — m&w-/ |:( J* J* D* D*
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Generalized Shen Model

Generalized Shen Graph Theoretic Method (10)

*

Dj = (1 - ’;) (1 — )3/ + (1 — 6y J — R

/ / R R
< (1 — (5)’)//* |:/* —In F vy ﬁ + In R*:| = 38,568,5
J J R R
+ (1 — (5)’)/rJ* {J* —In ﬁ y ﬁ +1In R*] = 38,6G8,6
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Generalized Shen Model

Generalized Shen Graph Theoretic Method (8)

e Figure 1 shows the how the whole model would be connected
with a weighted digraph, and figure 2 shows the graph which
represents our model’s feasible cycle. While other cycles
appear to exist, the Gj;'s do not satisfy >~ Gj; < 0 along those
cycles.
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Generalized Shen Model

Figure 1
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Generalized Shen Model

Figure 2
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Generalized Shen Model

Theorem 3.5 [Shuai and Van Den Driessche]

If
v/ There exist functions Di:U—Rand Gj: U—Rand
v/ constants ajj > 0 such that
v forevery1<i<n, D < > i1 2iGjj(z). And
e for A = [ajj], each directed cycle C of G has

> _(s.r)ee(c) Grs(z) < 0 where £(C) denotes the arc set of the
directed cycle C.

Then the function

n
D(z) =) ciDi(2)
i=1
is a Liapunov function for the system.
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Generalized Shen Model

Generalized Shen Graph Theoretic Method (9)

> G = (%—Inxfé*—%—i—ln,’:f})
+ %—In%—%—l—ln—?ﬁ)
+ }:::22 Ing ,L*Jrlnf,%
HA B (F ik~ %+ )
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Generalized Shen Model

Generalized Shen Graph Theoretic Method (10)

e The last line is true due to the following:

/B-i-ﬁil-l-ﬁo <1
B+Be+p 3
—w > <n =1
e This follows from the earlier assumption that the total
population was biologically reasonable.

e We now construct the coefficients of the linear combination of
D;'s to create our final Liapunov function. First, we relabel
the vertices and aj;'s in our system with indices 1 through 6
starting from S and ending at D (i.e., vertex S is now vertex 1
and directed path a3; is now ap;).
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Generalized Shen Model

Figure 3
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Theorem'’s 3.3 and 3.4 [Shuai and Van Den Driessche]

Theorem 3.3

If a;j > 0 and d¥(j) =1 for some /,j then

n
Gag = ) Gajk
k=1

Theorem 3.4

If a; > 0 and d~ (i) =1 for some i,/ then

n
Gidjj = E CkAki
k=1
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Generalized Shen Model

Generalized Shen Graph Theoretic Method (11)

Using Shuai Theorem 3.3, we find

6

C1d16 = Zk:l Cod6ok = C6d65
6

Cax — Zkzl Ciaik = Can
6

Czazy = Zkzl Cazk = Cazi

_ \6 _
C6a6s = ) p_q C5d5k = C5as4
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Generalized Shen Model

Generalized Shen Graph Theoretic Method (12)

Letting ¢ = 1 and substituting our aj;'s, we get the following:

x*S* = C2X*5* 2 C3k1E1* = C4/(2E2>'< = Gy

N N
1-5 1-p—pe

Solving for the coefficients ¢;, we get

Gl = 1
C = 1

_ x*Ss*
B = KEF
c _ X*Sl*
4 = kE

1— * G*

G = Nﬁ) Xal*

al 1-f—Be) x*S*
% = N )57,J*
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Generalized Shen Model

Generalized Shen Graph Theoretic Method (13)

Finally,

D = S-S5 -Shg+E—E—Ehg
* Gk " * E *S* * * /
+55 (B - B —E )+ 55 (1- 1 - rinf)

+ ()5 (== $)

al*

1-8-p *S* * * D
+ N E)gy,J*(D_D_DI”W)

where D is a Liapunov Function for our system. We will now use
LaSalle's Invariance Principle and this Liapunov function to
determine the global stability of the system.
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LaSalle’s Invariance Principle

If
vV TCDCR"bea compact positively invariant set,
vV V:D—>Rbea continuously differentiable function,
v V(x(t))<0inT,
o E C T be the set of all points in I where V/(x) = 0, and
e M C E be the largest invariant set in E.

Then every solution starting in I approaches M as t — oo, that is,

i | g0 -l | o
—_———

dist (x(t), M)
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Shen Model: LaSalle’s Invariance Principle

/ 5* / E>,< / ! /
D=(1-="|S+(1-2)E+cD3+ - +cDg
S E;

The endemic equilibrium point is the set E, and is also the
largest set M C E. Therefore, by LaSalle’s Invariance
Principle, if Ry > 1, V =0 and N > 3, then the endemic
equilibrium point is globally asymptotically stable in
[".Therefore, we have proven Theorem 3!
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Future Research

e Continued exploration to deal with the computational
difficulties with local stability.

e Confirm numerical simulations are in line with stability results
presented.

e Use numerical simulations to verify bifurcation existence, and
study using advances with the local stability research.

e Find creative algebraic manipulations to allow graph theoretic
cycles including vaccine terms to cancel along the cycles.

e Consider both different models and modifications to the
generalized model.

e Proving general results for the graph theoretic method for
general dynamical systems
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Stable Manifold Theorem

Let £ be an open subset of R"” containing the origin, let

f € CL(E), and let ¢; be the flow of the nonlinear system.
Suppose that f(0) = 0 and that Df(0) = 0 has k eigenvalues with
negative real part and n — k eigenvalues with positive real part.
Then there exists a k-dimensional differentiable manifold S
tangent to the stable subspace E® of the linear system at 0 such
that for all t > 0, ¢+(S) C S and for all xp € S.

o135, #eb0) =0

and there exists an n — k dimensional differentiable manifold U
tangent to the unstable subspace EY of the corresponding linear
system at 0 such that for all t <0, ¢(U) C U and for all xg € U,

A, 9elbo) =0
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Hartman-Grobman Theorem

Let £ be an open subset of R"” containing the origin, let

f € CL(E), and let ¢; be the flow of the nonlinear system.
Suppose that f(0) = 0 and that the matrix A = DF(0) has no
eigenvalue with zero real part. Then there exists a homeomorphism
H of an open set U containing the origin onto an open set V
containing the origin such that for xg € U, there is an open
interval Iy € R containing zero such that for all x € U and t € [y

H o ¢+(x0) = e H(xo)

i.e., H maps trajectories of the nonlinear system near the origin
onto trajectories of the linear system near the origin and preserves
the parametrization of time.
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Local Center Manifold Theorem

Let f € C"(E) where E is an open subset of R” containing the
origin and r > 1. Suppose that f(0) = 0 and that Df(0) has ¢
eigenvalues with zero real parts and s eigenvalues with negative
real parts, where ¢ +s = n. The nonlinear system x" = f(x) can
then be written in diagonal form

x = Cx+F(x,y)
y = Py+G(xy)

where (x,y) € R¢ x R®, C is a square matrix with c eigenvalues
having zero real part, P is a square matrix with s eigenvalues
having negative real part, and F(0) = G(0) = 0,

DF(0) = DG(0) = 0; furthermore, there exists a § > 0 and
function h € C"(Ns(0)) that defines the local center manifold and
satisfies
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Local Center Manifold Theorem

Dh(x)[Cx + F(x, h(x))] — Ph(x) — G(x,h(x)) =0

for |x| < ¢; and the flow on the center manifold W<€ is defined by
the system of differential equations x’ = Cx + F(x, h(x)) for all
x € R with |x| < §.
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Routh-Hurwitz Criterion

Consider a three dimensional system. If the characteristic
polynomial
)\3 + 81>\2 + 32)\ + a3

satisfies the following:

a3 >0,
a3 >0,
aiar —a3 >0

then the equilibrium point is locally stable.
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Spectral Radius

The spectral radius of a matrix or bounded linear operator is the
supremum among the absolute values of the elements in its
spectrum. The spectrum of such a matrix is its set of eingenvalues,
but the spectrum of a linear operator T : V — V is the set of
scalars A such that T — A/ is non-invertible.
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Partitioned Inversion (Using Shur Complements)

Given a partitioned matrix M:

_ A B
= [ CD }
v (M/D)~ ~(M/D)'BA™!
- [ -D-'¢(M/D)"! D!'+D'c(M/D)"'BD?
Where
(M/D)"t=A"1+AB(M/A)ICA!

if A and D are non-singular
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Sotomayor’s Theorem

f(xo, 1t0) =0,
the n x n matrix A = Df(xg, t10) has a simple eigenvalue
A = 0 with eigenvector v, and

AT has an eigenvector w corresponding to the eigenvalue
A=0.
As well as

WTfu(XO; po) = 0,
w[Df,,(x0, o)v] # 0,
w T [D?f(xq, 110)(v,v)] # 0.
Then the system experiences a transcritical bifurcation at the

equilibrium point xg as the parameter p varies the the bifurcation

value u = uo.
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Liapunov Functions

If
e £ is an open subset of R” containing z,
e f € CYE) and f(z) =0, and
o there exists V € C1(E) satisfying V/(z) = 0 and V(z) > 0 if
z # 7.
Then
(a) if V(z) <0 forall z€ E, z is stable,
(b) if V(z) < 0 for all z € E, z is asymptotically stable,
(c) if V(z) >0 forall z € E, z is unstable.
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