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What's a Group?

Definition
A group is a set G paired with a binary operation, *, that satisfies:

1. Closure: If a,be G = axb € G.

2. Associativity: a,b,c € G, (axb)*xc=ax (bxc)

3. Identity: Je € G such that ex g =g*xe = g,Vg € G.

4. Inverses: 3g71 € Gsuchthat gxg =g lxg=e Vgei
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Example of a Group:S,

@ The set of all permutations of the set {1,...,n} is a group
under function composition. This set is denoted as S,,.

@ It is known that each permutation in S, can be represented as
a cycle or as a disjoint product of cycles. Examples:
o In S3, the permutation & = (123) is the function which:
e 1—2
e 2—3
e 3—1
o In S, the permutation p = (12)(345) is the function which:
e 1—2
2—1
3—4
4—5
53
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Conjugacy Classes

Definition
Let G be a group. Then, the conjugacy class of a € G is the set
denoted as c/(a), where c/(a) = {xax"! | x € G}.

Example: In 53, let's calculate c/((12)).

(1)(12)(1)~" = (12)

(12)(12)(12)71 = (12)

(13)(12)(13)71 = (23)

(23)(12)(23)~* = (13)

(123)(12)(123) ! = (123)(12)(132) = (23)
(132)(12)(132) 1 = (132)(12)(123) = (13)
Therefore, c/((12)) = {(12), (13), (23)}
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Conjugacy Classes in S,

The conjugacy class of any arbitrary permutationa € S, is the set
of all the permutations such that has the same cycle type.
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Definition

Let G be a group and a, b € G. Then, A(cl(a), c/(b)) denotes the
number on conjugacy classes contained in
cl(a)cl(b) = {xy | x € cl(a),y € cl(b)}
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Basic Properties

Lemma

Let G, H and K be groups, where a,b € G, ¢,d € H and
x € Z(G) are arbitrary elements and ¢ : G — K is an
isomorphism. Then:

Ag(cl(a), cl(b)) = Ag(cl(b), cl(a))

° ) G
° Agxr(cl((a c)), cl((b d))) =
Ag(cl(a), cl(b)) - An(cl(c), cl(d))
e Ag(cl(x),cl(a)) =1
e Ag(cl(xa), cl(b)) = Ag(cl(a), cl(b))
o Ag(cl(a), cl(b)) = Ak(cl(¢(a)). cl(p(b)))
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Result for Abelian Groups

Let G be a group. Then, G is Abelian if and only if
A(cl(a), cl(b)) =1foralla,be G
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Semi-Direct Products

Definition

Let H and K be groups, and ¢ : K — Aut(H) be a
homomorphism. Then the semi-direct product of H and K with
respect to ¢ is the set denoted as H Xy K, where this set is the
Cartesian product of H and K with the operation -, where

(hl, kl) 0 (hg, kz) = (hl(P(kl)(hz), klkg) for all

(hl, kl), (hz, kz) € H X K
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Results in Dy,

Let n > 2 be odd. Then, in Do, = (r,s | r" =s>=1,rs = sr™1):
o Alcl(r'),cl(F)) =2, forall 1 <i,j<n—1
o Alcl(r'), cl(s)) =1

o A(cl(s), cl(s)) = ”:1
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Results in Dy,

Example: In Dig = {r,s | r® =52 =1,srs71 = r71), the
conjugacy classes are the following:
e cl(1) ={1}
o cl(r)={r,r*}
2) = {2, )

s) = {s,sr,sr? sr3, sr*}
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Results in Dy,

Then:
o cl(r)cl(r?) = cl(r)Ucl(r?) = {r, r?, 13, r*}
o cl(r)el(s) = c(s)
o cl(r?)cl(s) = cl(s)
o cl(s)cl(s) = cl(1) Ucl(r)ucl(r?)
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Results in Dy,

For any integer n > 4 such that n =0 (mod 4), the following
values of A holds for the conjugacy classes in D,,,.

o Acl(r'),cl(F)) =2 forall i,j € {1,..., 52}

(cl(r), cl(s)) = A(cl(r), cl(sr)) =1 forall i € {1,..., 2}
A(cl(s), cl(s)) = A(cl(sr), cl(sr)) = 1+£
(cl(

A(
A(cl(s), cl(sr)) zg
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Results in Dy,

Let n > 3 be a positive integer. If n =2 (mod 4), then the
following values of A hold true for Dy,

o Alcl(r),cl(F)) =2foralli,je{1,..., 52}
o A(cl(r?), cl(s)) = Acl(r), cl(rs)) = 1
° %(j_:lés),c/(s)) = A(cl(rs), cl(s)) = A(cl(rs), cl(rs)) =

4

Herionexy Mounier-Acabd, Les Reid The Number of Conjugacy Classes



Results in Qynt1

Theorem

The group with the set denoted as Q,-+1 and group presentation
(hyx | " =x* =1,xhx"1 = h1, R = x?) is the generalized
quaternion group of order 2"*1. Then:
o Acl(h'),cl(W)) =2foralli,je{1,...,.20"1 -1}
o A(cl(h'), cl(x)) = Acl(h'), cl(x®)) =1 for all
ie{l,....,2" -1}
o A(cl(x),cl(x®)) =1+2"1
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Results in QDsn

Theorem
The group denoted as @Dy~ is the quasidihedral group of order 27,
which has the following group presentation:
(r,s| r¥" =52 =1 st = r2"*~1) Moreover, it has the
following values for A:
o Acl(r’), cl(F)) =2

A(cl(r'), cl(s)) = Alcl(r'), cl(rs)) = 1

A(cl(s), cl(s)) = Alc ( s),cl(rs)) =1+2"3

A(cl(s), cl(rs)) = 2"~
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Results In Semi-Direct Products

Theorem

Let p=1 (mod 3). Then

Cox C3=(ab|aP=b>=1bab"1 =af), where g has order 3
in (Zp)*, and also:

o A(cl(a'), cl(d)) =3, for all i{g) # j{g)
o A(cl(a'), cl(a’)) =2

o A(cl(a’), cl(b)) = A(cl(a’), cl(b?)) =1
o A(cl(b), cl(b?)) = P12
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Results In Semi-Direct Products

Theorem

Let p, g € Z* be any two odd primes. Suppose that g | p— 1.
Then C, x Cy = (a,b|aP = b9 =1,bab~! = a8), where g has
order g in (Zp)*, and also:

a

o A(cl(a'), cl(&)) < q, for all i(g) # j{g)

o A(cl(al), cl(a)) < q;rl

o A(cl(a'), cl(b¥)) = 1forall uc {1,.... p—1}
o A(cl(b), cl(b=1)) = 1+ Tl

o A(cl(b%), cl(b)) = 1 for all s # —t (mod p)
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Example: Ci3 X< G3

1111111
1151111
1511111
1112333
1113233
1113323
11133 3 2
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The Number of Conjugacy Classes

111111111
117111111
171111111
1112333 33
1113233 33
1113323 33
111333233
1113333 23
111333332
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Example: Ci1 X} G

1111111
1111311
1113111
1131111
1311111
1111123
1111132
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The Number of Conjugacy Classes

11111111111
11117111111
11171111111
11711111111
17111111111
111113 44 4 405
111114 3 45 4 4
111114 43 45 4
1111145 43 44
111114 45 4 3 4
1 11115 4 4 4 43
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The Number of Conjugacy Classes

1111111111111
1111911111111
1119111111111
1191111111111
1911111111111
1111135 455 444
1111153 455 4 44
111114 43 4 4555
1111155 435 444
1111155 45 3 4 44
111114 45 4 4 3 55
111114 45 4 45 35
111114 45 4 455 3

2
5]
['4
0
4]
4
53
a
©
I\
<
L
2
c
o
=
>
X
3]
c
2
i~
5]
I

S
X
S
@
o
S
[
X
LLl




The Number of Conjugacy Classes

11111111111
11111151111
11111511111
11115111111
11151111111
11511111111
15111111111
1111111345 4
111111143 415
11111115434
11111114543
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Results In Semi-Direct Products

Theorem

Let n=p1px’2 ... p/*. If 3| pj— 1, and g is an element of order
3in <Zpik'-)>< forall 1 < i </, then C, X C3, with the presentation
(a,b|a" = b> =1, bab~! = a8) has the following values for A:

o Alcl(d),cl(a))) =2, forall 1 <j<n

o A(cl(a"),cl(a¥)) =2 or 3, for all u # vg"

o Acl(a™), cl(b)) = A(cl(a™), cl(b?)) =1
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Results In Semi-Direct Products (Heisenberg group over

Cy)

Theorem

Let p be an odd prime. Then the Heisenberg group over C, has
the group presentation

(a,b,x | aP = bP = xP = 1,ab = ba,xax~ ! = ab, xbx~! = b) and
the values for A are either 1 or p.

Herionexy Mounier-Acabd, Les Reid The Number of Conjugacy Classes



Results In Semi-Direct Products (Modular Group)

Theorem

Let p be an odd prime. Then the Modular group has order p3, has
the group presentation (a, b | a? = bP = 1, bab~ = al*P), and
the values for A are either 1 or p.

Herionexy Mounier-Acabd, Les Reid The Number of Conjugacy Classes



Results In Semi-Direct Products

Theorem

Let p and g be odd primes such that g | p— 1. Then

(Cp x Cp) x C4 has the group presentation (a, b, x | aP = bP =
x9 =1,ab = ba xax} = 28 xbx~! = b&?), where g is an
element of order g in (Z,)™ and q 1 ki, ko. Also, this group has
the following values of A:

o A(cl(a’b"), cl(alb*)) < q for all i{g) # j{g) and

u(g) # v(g)
cl(a'b’), cl(a'b’)) < qT—H
), el(aib)) = Alcl(b), cl(a'b)) =

(

(a'),cl

I(a'), cl(b)) = q
(

(x

d(x), clxy) =14 2 =1

m),cl(x")) =1 for all m # n (mod q)

> B> B> B

° cl
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Results In Semi-Direct Products

There are infinitely many nonabelian groups with max(A) = 2
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Results In S,

Let n > 3. Suppose that a, B € S,, where « is a transposition and
B is a k-cycle. Then:

o A(cl(w), cl(B)) = ng, =
o A(cl(a),cl(B)) = ng +1,ifn=k+1

o A(cl(a), cl(B)) = ng 42, n> k42
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Results In S,

Let n >3 and a, B € S,,, where « is a transposition and f is a
product of / cycles, all of length k. Then:

o Alcl(a),cl(B)) = LgJ +1,if n= ki
o Alcl(w),cl(B)) = LgJ +2, ifn=k+1

o A(cl(a), cl(B)) = ng 43,0 n> k42
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Results In S,

Theorem

Let n >3, &, B €S, and ki, ..., k: € Z be arbitrary elements.
Suppose that each k; are distinct integers, B contains g; cycles of
lenght k; for i € {1,2,..., t}, and a is a transposition. The
following values of A(cl(a), c/(B)) holds true:

o A(cl(a),cl(B)) <;> + Zt;[/;j + sgn(q; — 1) for

o A(cl(a),cl(B)) =t+ (;) + Zt:LI;IJ + sgn(q; — 1) for
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Results In S,

Theorem (cont.)
o Acl(w),cl(B)) =1+t+ (;) + éL%J + sgn(q; — 1) for

t
n22+2k,-
i=1
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Results In S,

Let n >3 and a, B € Sp,, where & is a 3-cycle and 8 is ak-cycle

2
o A(cl(a),cl(B)) = [E] +1,ifn=k
2
o A(cl(a),cl(B)) = [ll(—z] + L%J ifn=k+1
2
o Alcl(a), cl(B)) = [/1{—2] + L%J +1,ifn=k+2

k2 k+1
_ B — i >
[12]+L > |+2,ifn>k+3

o A(cl(a),cl(B))
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Conclusion

We have found partially the values for the function A for the
following groups:
@ Abelian groups
D2n
Qon+1
DQ@>n
CoxCq forqg|p—1
Cn x C4, where each prime factor of n is congruent to 1
modulo g
Cp x Cq,
G x G
Cpk X Cp

n

o Acl((12)),cl(a)) Va € S,
o A(cl(123)),cl(B)), where B is a cycle or a disjoint product of
cycles of the same lenght.
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Future Research

e Investigate C, x C,, forall m,n € Z™*

@ Characterize the groups with max(A) = 2 and other values
for max(A)

e Find a lower bound for the values of A in C, x g

@ Find the value of A of any given k-cycle and /-cycle in S,
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