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Symmetric Polynomials

Definition.

Fix a positive integer n. A symmetric polynomial is a polynomial
in the n variables xi, x2, . .., X, such that any permutation (or
switching) of the variables leaves the polynomial unchanged.
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Symmetric Polynomials

Definition.

Fix a positive integer n. A symmetric polynomial is a polynomial
in the n variables xi, x2, . .., X, such that any permutation (or
switching) of the variables leaves the polynomial unchanged.

Examples:

@ If n=3, then x12x22x§ is a symmetric polynomial, because

BBd = Xl = ool = Bt = Bt = g
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Symmetric Polynomials

Definition.

Fix a positive integer n. A symmetric polynomial is a polynomial
in the n variables xi, x2, . .., X, such that any permutation (or
switching) of the variables leaves the polynomial unchanged.

Examples:

@ If n=3, then x12x22x§ is a symmetric polynomial, because
Bl = BB = BEE = BED - EAE AT
@ If n= 3, then ><12x2x3 is not a symmetric polynomial, because

2 2 2
X XoX3 7 X3 X1 X3 7 X3X %y
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Two Types of Symmetric Polynomials

Definition.

The power sum symmetric polynomial of degree k in n
variables, denoted by p, is the polynomial resulting from adding
all terms x,-k where 1 </ < n. Hence

Non-Commutative Symmetric Polynomials

S. Chamberlin Park U. and T. Fay William Jewell C.



Two Types of Symmetric Polynomials

Definition.

The power sum symmetric polynomial of degree k in n
variables, denoted by p, is the polynomial resulting from adding
all terms x,-k where 1 < i < n. Hence

n
kK k| Jk k
Pk = E Xp =Xp X+ Xy
=il
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Two Types of Symmetric Polynomials

Definition.

The power sum symmetric polynomial of degree k in n
variables, denoted by p, is the polynomial resulting from adding
all terms x,-k where 1 < i < n. Hence

n
kK k| Jk k
Pk = E Xpi =X| X+ Xy
=il

Examples:

@ If n=3, then p3:xf’+x§’+x§’
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Two Types of Symmetric Polynomials

Definition.

The power sum symmetric polynomial of degree k in n
variables, denoted by p, is the polynomial resulting from adding
all terms x,-k where 1 < i < n. Hence

n
kK k| Jk k
Pk = E Xpi =X| X+ Xy
=il

Examples:

@ If n=3, then p3:xf’+x§’+x§’
@ If n =5, then p6:x16—i—x26—|—x36—i—xff+x§j
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Two Types of Symmetric Polynomials

Given a positive integer k < n, the elementary symmetric
polynomial of degree k, denoted e, is
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Two Types of Symmetric Polynomials

Given a positive integer k < n, the elementary symmetric
polynomial of degree k, denoted e, is

e = E Xig X ** * Xiy

1<i<ip<--<ik<n
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Two Types of Symmetric Polynomials

Given a positive integer k < n, the elementary symmetric
polynomial of degree k, denoted e, is

€k = E Xiy Xip + + + Xiy

1<i<ip<--<ik<n

Examples:

QIfn=3 k=2: & = x1x + x1X3 + X2X3
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Two Types of Symmetric Polynomials

Given a positive integer k < n, the elementary symmetric
polynomial of degree k, denoted e, is

€k = E Xiy Xip + + + Xiy

1<i<ip<--<ik<n

Examples:

QIfn=3 k=2: & = x1x + x1X3 + X2X3
Q Ifn=4, k=3: e3 = x1x0x3 + X1X3X3 + X1X0X4 + XoX3X4
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Two Types of Symmetric Polynomials

Given a positive integer k < n, the elementary symmetric
polynomial of degree k, denoted e, is

€k = E Xiy Xip + + + Xiy

1<i<ip<--<ik<n

Examples:

QIfn=3 k=2: & = x1x + x1X3 + X2X3
Q Ifn=4, k=3: e3 = x1x0x3 + X1X3X3 + X1X0X4 + XoX3X4

© If n=5, k=05 e5 = x1x0x3X4X5
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Given a positive integer k < n, the elementary symmetric
polynomial of degree k, denoted e, is

€k = E Xiy Xip + + + Xiy

1<i<ip<--<ik<n

Examples:

@ Ifn=3 k=2: & = x1x + x1X3 + X2X3
Q Ifn=4, k=3: e3 = x1x0x3 + X1X3X3 + X1X0X4 + XoX3X4

© If n=5, k=05 e5 = x1x0x3X4X5

Note: ey is only defined for k < n
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Theorem 1 (Newton-Girard).

Given a positive integer k < n, the following identity holds:
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The Newton-Girard Formula

Theorem 1 (Newton-Girard).

Given a positive integer k < n, the following identity holds:

k

kex = Z(—l)j_lpjek_j = prex—1— paek2 + -+ (1) px
j=1
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The Newton-Girard Formula

Theorem 1 (Newton-Girard).

Given a positive integer k < n, the following identity holds:

k

kex = Z(—l)j_lpjek_j = prex—1— paek2 + -+ (1) px
j=1

Working out both sides of the Newton-Girard Formula in the case
k =2 and n = 3. In this case, the left-hand side is
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The Newton-Girard Formula

Theorem 1 (Newton-Girard).

Given a positive integer k < n, the following identity holds:

k

kex = Z(—l)j_lpjek_j = prex—1— paek2 + -+ (1) px
j=1

Working out both sides of the Newton-Girard Formula in the case
k =2 and n = 3. In this case, the left-hand side is

260 = 2(x1x2 + x1x3 + Xx2x3)
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The Newton-Girard Formula

LHS =2e; = 2(x1x2 + x1X3 + X2X3)
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The Newton-Girard Formula

LHS =2e; = 2(x1x2 + x1X3 + X2X3)

Recall k =2,n=3:
The right-hand side is
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The Newton-Girard Formula

LHS =2e; = 2(x1x2 + x1X3 + X2X3)

Recall k =2,n=3:
The right-hand side is

(1Y 'pjer; = prer-1— prer2

2
=1

J
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The Newton-Girard Formula

LHS =2e; = 2(x1x2 + x1X3 + X2X3)

Recall k =2,n=3:
The right-hand side is

(1Y 'pjer; = prer-1— prer2
1

2
Jj=

= p1€1 — p2
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The Newton-Girard Formula

LHS =2e; = 2(x1x2 + x1X3 + X2X3)

Recall k =2,n=3:
The right-hand side is

(1Y 'pjer; = prer-1— prer2
1

2
Jj=

pi€1 — p2
= (x1+x+x3)0a+x+x)— (xF+x5 +x3)
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The Newton-Girard Formula

LHS =2e; = 2(x1x2 + x1X3 + X2X3)

Recall k =2,n=3:
The right-hand side is

(1Y 'pjer; = prer-1— prer2

2
=1

J
= p1€1 — p2
= (x1+x+x3)0a+x+x)— (xF+x5 +x3)

2 2
= X{ +X1X2 + X1X3 + X1x2 + X5 + X2X3

2 2 2 2
+x1X3 + XoxX3 + X3 — X] — X5 — X3
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The Newton-Girard Formula

LHS =2e; = 2(x1x2 + x1X3 + X2X3)

Recall k =2,n=3:
The right-hand side is

(1Y 'pjer; = prer-1— prer2

2
=1

J
= p1€1 — p2
_ 2 2 2
= (Xl —I—X2—|—X3)(X1 —+ X —|—X3)— (Xl + x5 +X3)
= X12 + x1x2 + x1x3 + Xx1x2 + x22 + X2X3

+x1x3 + Xxox3 + X32 — X12 — X22 — Xg

= 2x1X + 2x1X3 + 2X0Xx3
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The Newton-Girard Formula

LHS =2e; = 2(x1x2 + x1X3 + X2X3)

Recall k =2,n=3:
The right-hand side is

(1Y 'pjer; = prer-1— prer2
1

2
J:
= pi1er—p2
_ 2 2 2
= (Xl —I—X2—|—X3)(X1 —+ X —|—X3)— (X1 + x5 +X3)
= X12 + x1x2 + x1x3 + Xx1x2 + x22 + X2X3
+x1x3 + Xxox3 + X32 — X12 — X22 — X§
= 2x1X2 + 2x1X3 + 2X0Xx3

LHS = RHS
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Partitions

Definition.

A partition of a non-negative integer m is a sequence of
non-negative integers in non-increasing order that sum to m, which
contains only finitely many zero terms.

Here are some partitions of 2:

(2), (1,1), (2,0), (1,1,0), (2,0,0)
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Partitions

Definition.

Given a partition A we define the length, ¢()) to be the number of
parts of \. We use powers to count the multiplicity of elements in
a partition so that (1%) = (1,1).
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Partitions

Definition.

Given a partition A we define the length, ¢()) to be the number of
parts of \. We use powers to count the multiplicity of elements in
a partition so that (1%) = (1,1).

Examples:

Q ((2,12,0) =¢(2,1,1,0) =3
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Partitions

Definition.

Given a partition A we define the length, ¢()) to be the number of
parts of \. We use powers to count the multiplicity of elements in
a partition so that (1%) = (1,1).

Examples:

Q ((2,12,0) =¢(2,1,1,0) =3

Q ((5%4,2,1,0%) =¢(5,5,4,2,2,2,2,1,0,0) = 8
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Monomial Symmetric Polynomials

Definition

Let A be a partition with ¢(\) < n. Adding zeros if £(\) < n, write
A= (b1,...,bp). Then define the monomial symmetric
polynomial given by A in n variables by

m)\—E b i

Where the sum is over all distinct permutations (cy, ..., ¢,) of
(b1,...,bp). If £(N\) > n we define my := 0.
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Monomial Symmetric Polynomials

Definition

Let A be a partition with ¢(\) < n. Adding zeros if £(\) < n, write
A= (b1,...,bp). Then define the monomial symmetric
polynomial given by A in n variables by

m)\—E b i

Where the sum is over all distinct permutations (cy, ..., ¢,) of
(b1,...,bp). If £(N\) > n we define my := 0.

Let n = 3. Then:

Q m31) = XXz + X1XG + XPx3 4+ X153 + X3X3 + X2X3
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Monomial Symmetric Polynomials

Definition

Let A be a partition with ¢(\) < n. Adding zeros if £(\) < n, write
A= (b1,...,bp). Then define the monomial symmetric
polynomial given by A in n variables by

m)\—E b i

Where the sum is over all distinct permutations (cy, ..., ¢,) of
(b1,...,bp). If £(N\) > n we define my := 0.

Let n = 3. Then:
(1] ma1) = xf’xz + xlxg’ + xf’X3 + xlx:;?’ + X§X3 + x2x§’
Q@ muy=x1+x2+x3=p1
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Monomial Symmetric Polynomials

Definition

Let A be a partition with ¢(\) < n. Adding zeros if £(\) < n, write
A= (b1,...,bp). Then define the monomial symmetric
polynomial given by A in n variables by

m)\—E b i

Where the sum is over all distinct permutations (cy, ..., ¢,) of
(b1,...,bp). If £(N\) > n we define my := 0.

Let n = 3. Then:
Q m31) = XXz + X1XG + XPx3 4+ X153 + X3X3 + X2X3
Q@ muy=x1+x2+x3=p1
O m(12) = x1x2 + X1x3 + XoX3 = €
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Monomial Symmetric Polynomials

Definition

Let A be a partition with ¢(\) < n. Adding zeros if £(\) < n, write
A= (b1,...,bp). Then define the monomial symmetric
polynomial given by A in n variables by

m)\—E b i

Where the sum is over all distinct permutations (cy, ..., ¢,) of
(b1,...,bp). If £(N\) > n we define my := 0.

Let n = 3. Then:
Q m31) = XXz + X1XG + XPx3 4+ X153 + X3X3 + X2X3
Q@ muy=x1+x2+x3=p1
O m(12) = x1x2 + X1x3 + XoX3 = €
Q m212)=0

S. Chamberlin Park U. and T. Fay William Jewell C. Non-Commutative Symmetric Polynomials



me) = X1+ X2+ X3 = p1
m(12) = X1X2 + X1X3 + X2X3 = €2
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me) = X1+ X2+ X3 = p1
m(12) = X1X2 + X1X3 + X2X3 = €2

M)y = Pk
m(lk) = €k
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Monomial Symmetric Polynomials

me) = X1+ X2+ X3 = p1
m(12) = X1X2 + X1X3 + X2X3 = €2

M) = Pk
m(lk) = €k
Thus:

Monomial symmetric polynomials are generalizations of the power
sum and elementary symmetric polynomials.
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Lemma 1: (Mead)

Let k be a positive integer with k < n. Then for all
i€{2,3,...,k—1},

Pi€k—i = m(,‘_i_]_,]_k—i—l) S m(/'71k—i)

And
PLék—1 = M(3,1k-2) + ke
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Mead’s Lemma

Lemma 1: (Mead)

Let k be a positive integer with k < n. Then for all
i€{2,3,...,k—1},

Pi€k—i = M1 1k=i-1) + M(; 14~

And
PLék—1 = M(3,1k-2) + ke

Let k =3,n=3,and i = 2, then
LHS = poe3 o
= p2é1
= (6 +x3 +3)(x +x +x3)
= x13 + x12x2 + x12X3 + X22X1 + xg’ + X22X3

2 2
+x3x1 + X3x2 + x33
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Mead’s Lemma

|
LHS = Xf’ + X12X2 + x12X3 + X22X1 + xg’ + X22X3 + X§X1 + X§X2 + Xg?
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Mead’s Lemma

|
LHS = Xf’ + X12X2 + x12X3 + X22X1 + xg’ + X22X3 + X§X1 + X§X2 + X:?

RHS = m(2+17137271) + m(2,1372)
= ME) T+ M)
= xf’ + xg‘ + Xg’ + xfxz + X12X3 + x22x1

+X22X3 + x32x1 + x32xz
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Mead’s Lemma

|
LHS = Xf’ + X12X2 + x12X3 + X22X1 + xg’ + X22X3 + X§X1 + X§X2 + X:?

RHS = m(2+17137271) + m(2,1372)
= ME) T+ M)
= xf’ + xg‘ + Xg’ + xfxz + X12X3 + x22x1

+X22X3 + x32x1 + x32xz

. LHS = RHS
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Mead’s Lemma

Newton-Girard Formula

Given a positive integer k < n, the following identity holds:

k
ke =) (1Y 'pje
j=1
From Lemma 1:
Pi€k—i = m(,'_i_]_,lk—i—l) + m(iylk—i)

S. Chamberlin Park U. and T. Fay William Jewell C. Non-Commutative Symmetric Polynomials




In a non-commutative setting:

Q x1x2 # xox1
Q xfxz =£ x;lxle2
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In a non-commutative setting:

Q x1x2 # xox1
Q xfxz =£ x;lxle2

pi will be the same as before. We will have to redefine e in a
non-commutative setting.
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Non-Commutative Setting

Notice

In a non-commutative setting:
@ x1x # xox

2
o xfo # X1X0X]

pi will be the same as before. We will have to redefine e in a
non-commutative setting.

Definition.

The symmetric group S, is the set of all bijective functions from
the set {1,2,..., n} to itself. An element of S, is called a
permutation.

S. Chamberlin Park U. and T. Fay William Jewell C. Non-Commutative Symmetric Polynomials



Non-Commutative Setting

Notice

In a non-commutative setting:
@ x1x # xox

2
o xfo # X1X0X]

pi will be the same as before. We will have to redefine e in a
non-commutative setting.

Definition.

The symmetric group S, is the set of all bijective functions from
the set {1,2,..., n} to itself. An element of S, is called a
permutation.

We will use cycle notation to denote permutations.
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Symmetric Group

53 = {(1),(12), (13),(23), (123), (132)}
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Symmetric Group

53 = {(1),(12), (13),(23), (123), (132)}

The permutation (123) € S3 in cycle notation corresponds to the
bijective function f : {1,2,3} — {1,2,3} defined by (1) = 2,
f(2)=3and f(3) = 1.
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Symmetric Group

53 = {(1),(12), (13),(23), (123), (132)}

The permutation (123) € S3 in cycle notation corresponds to the
bijective function f : {1,2,3} — {1,2,3} defined by (1) = 2,
f(2)=3and f(3) = 1.

We denote the identity permutation (the one that changes
nothing) by (1). Also, any number that is not present in a cycle is
fixed. So (12) € Sz fixes 3.
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Symmetric Group

53 = {(1),(12), (13),(23), (123), (132)}

The permutation (123) € S3 in cycle notation corresponds to the
bijective function f : {1,2,3} — {1,2,3} defined by f(1) =2
f(2) =3 and f(3) =

We denote the identity permutation (the one that changes

nothing) by (1). Also, any number that is not present in a cycle is
fixed. So (12) € Sz fixes 3.

The inverse of (12) is denoted by (12)~!

= (21) = (12)
The inverse of (123) is denoted by (123)~! =

(321) = (132)
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Non-Commutative Elementary Sum Polynomial

The non-commutative elementary polynomial of degree k < n'is

Eki= ) Xo(1)%o(2) " Xo(k)

o€ES,
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Non-Commutative Elementary Sum Polynomial

The non-commutative elementary polynomial of degree k < n'is

Eki= ) Xo(1)%o(2) " Xo(k)

o€ES,

53 = {(1),(12), (13),(23), (123), (132)}
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Non-Commutative Elementary Sum Polynomial

The non-commutative elementary polynomial of degree k < n'is

Ey = ZS: Xo(1)Xo(2) " Xo(k)
53 ={(1), (12), (13), (23), (123), (132)}

Thus for n = 3:

E2= ) X(1)%()

0ES3
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Non-Commutative Elementary Sum Polynomial

The non-commutative elementary polynomial of degree k < n'is

Eki= ) Xo(1)%o(2) " Xo(k)

o€ES,

53 = {(1),(12), (13),(23), (123), (132)}

Thus for n = 3:

E2= ) X(1)%()

0ES3

Ex = x1x2 + xax1 + Xx3X2 + X1X3 + X2X3 + X3X2
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Shuffle Sets

Definition.

Given k < nand i€ {0,1,...,k}, we define Sh; the set of all
shuffles to be the set of all ¢ € Sk with the property that o1
preserves the orders both of 1,2,...,k — i and of
k—i+1,k—i+2,... k.
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Shuffle Sets

Definition.

Given k < nand i€ {0,1,...,k}, we define Sh; the set of all
shuffles to be the set of all ¢ € Sk with the property that o1
preserves the orders both of 1,2,...,k — i and of
k—i+1,k—i+2,... k.

If k=3 we find all elements of Shy.
Sz ={(1),(12),(13),(23), (123), (132)}
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Shuffle Sets

Definition.

Given k < nand i€ {0,1,...,k}, we define Sh; the set of all
shuffles to be the set of all ¢ € Sk with the property that o1
preserves the orders both of 1,2,...,k — i and of
k—i+1,k—i+2,... k.

If k=3 we find all elements of Shy.
Sz ={(1),(12),(13),(23), (123), (132)}

@ (1) preserves the order of everything. So (1) € Shy.
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Shuffle Sets

Definition.

Given k < nand i€ {0,1,...,k}, we define Sh; the set of all
shuffles to be the set of all ¢ € Sk with the property that o1
preserves the orders both of 1,2,...,k — i and of
k—i+1,k—i+2,... k.

If k=3 we find all elements of Shy.
Sz ={(1),(12),(13),(23), (123), (132)}

@ (1) preserves the order of everything. So (1) € Shy.
@ (12)7! = (12) changes the order of 1 and 2. So (12) ¢ Sh;.
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Shuffle Sets

Definition.

Given k < nand i€ {0,1,...,k}, we define Sh; the set of all
shuffles to be the set of all ¢ € S, with the property that o1
preserves the orders both of 1,2,..., k — i and of
k—i+1,k—i+2,... k.

If k=3 we find all elements of Shy.
Sz ={(1),(12),(13),(23), (123), (132)}

@ (1) preserves the order of everything. So (1) € Sh;.
@ (12)7! = (12) changes the order of 1 and 2. So (12) ¢ Sh;.
© (23)7! = (23) fixes 1 and sends 2 to 3. Thus (23) € Sh;.

S. Chamberlin Park U. and T. Fay William Jewell C. Non-Commutative Symmetric Polynomials




Shuffle Sets

Definition

Given k < nand i€ {0,1,...,k}, we define Sh; the set of all
shuffles to be the set of all ¢ € S, with the property that o1
preserves the orders both of 1,2,..., k — i and of
k—i+1,k—i+2,... k.

If k=3 we find all elements of Shy.

53 ={(1),(12), (13),(23), (123), (132)}

o (1) preserves the order of everything. So (1) € Sh;.

@ (12)7! = (12) changes the order of 1 and 2. So (12) ¢ Sh;.
© (23)7! = (23) fixes 1 and sends 2 to 3. Thus (23) € Sh;.
Q (13)7! = (13) takes 1 to 3 and fixes 2. Thus (13) ¢ Sh;.
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Shuffle Sets

Definition.

Given k < nand i€ {0,1,...,k}, we define Sh; the set of all
shuffles to be the set of all ¢ € S, with the property that o1
preserves the orders both of 1,2,..., k — i and of
k—i+1,k—i+2,... k.

If k=3 we find all elements of Shy.

53 ={(1),(12), (13),(23), (123), (132)}

@ (1) preserves the order of everything. So (1) € Shy.

@ (12)7! = (12) changes the order of 1 and 2. So (12) ¢ Sh;.
© (23)7! = (23) fixes 1 and sends 2 to 3. Thus (23) € Sh;.

Q (13)7! = (13) takes 1 to 3 and fixes 2. Thus (13) ¢ Sh;.

© (123)71 = (132) sends 1 to 3 and 2 to 1. Thus (123) ¢ Sh;.
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Shuffle Sets

Definition

Given k < nand i€ {0,1,...,k}, we define Sh; the set of all
shuffles to be the set of all ¢ € S, with the property that o1
preserves the orders both of 1,2,..., k — i and of
k—i+1,k—i+2,... k.

If k=3 we find all elements of Shy.

53 ={(1),(12), (13),(23), (123), (132)}

1) preserves the order of everything. So (1) € Sh;.
)~ = (12) changes the order of 1 and 2. So (12) ¢ Sh;.
23)_1 = (23) fixes 1 and sends 2 to 3. Thus (23) € Sh;.
)

)~ =(132) sends 1 to 3 and 2 to 1 Thus (123) ¢ 5h1.
132)~! = (123) sends 1 to 2 and 2 to 3. Thus (132) € Sh;.
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Shuffle Sets

Definition

Given k < nand i€ {0,1,...,k}, we define Sh; the set of all
shuffles to be the set of all ¢ € S, with the property that o1
preserves the orders both of 1,2,..., k — i and of
k—i+1,k—i+2,... k.

If k=3 we find all elements of Shy.

53 ={(1),(12), (13),(23), (123), (132)}

1) preserves the order of everything. So (1) € Shy.
)~ = (12) changes the order of 1 and 2. So (12) ¢ Sh;.
23)_1 = (23) fixes 1 and sends 2 to 3. Thus (23) € Sh;.
)

)~ =(132) sends 1 to 3 and 2 to 1 Thus (123) ¢ 5h1.
132)~! = (123) sends 1 to 2 and 2 to 3. Thus (132) € Sh;.

Sh = {(1),(23), (132)}.
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Shuffle Sets

We define the action of the symmetric group S, on the right on a
symmetric polynomial of degree k by the rule

(XiyXip - -+ Xj )0 O Xi X1y X1
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Shuffle Sets

Definition.

We define the action of the symmetric group S, on the right on a
symmetric polynomial of degree k by the rule

T P ,
(XiyXip -+ - Xj )00t Xi 1y Xi, 1y X 21

Example:
(12)~1 = (12). So, if k =2 and n = 3, then

Eyo(12) = (x1x2 +x1x3 + xax1 + X2x3 + x3x1 + x3x2) © (12)
= (x1x2) 0 (12) + (x1x3) © (12) + (x2x1) © (12)
+ (x2x3) 0 (12) + (x3x1) 0 (12) + (x3x2) © (12)
= XoX1 + X3X1 + X1X2 + X3X2 4+ X1X3 + X2X3
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BDDK Theorem
(Boumova, Drensky, Dzhundrekov, Kassabov 2022)

If kK < n, then
k—1 )
KE, = (—1) kipe + > (~1)*il [ E_jpio Y o
i=1 o€Sh;
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Lemma.

For k < n. Wheni > 1:

Ekf,'p,' o Z g = (I + 1) M(i+171k—i—1) (¢] Z g

aESh,— UEShk,,-,l

+M(,-71k7i)0 Z o

oc€Shy_;

When | = 1:

Ex_1p10 Z oc=2 M(2’1k—2) o Z o| + kM(lk)
oc€Shy o€Shy_»
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Further Directions

There is a second Newton-Girard Formula for the case when kK > n
as well as a second BDDK Formula for this case.
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Further Directions

There is a second Newton-Girard Formula for the case when kK > n
as well as a second BDDK Formula for this case.

In the commutative setting, Mead proved the k > n case with a
similar technique as the k < n case.
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Further Directions

There is a second Newton-Girard Formula for the case when kK > n
as well as a second BDDK Formula for this case.

In the commutative setting, Mead proved the k > n case with a
similar technique as the k < n case.

We are still working on developing a lemma for the k > n case of
the non-commutative BDDK formula.
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Further Directions

There is a second Newton-Girard Formula for the case when kK > n
as well as a second BDDK Formula for this case.

In the commutative setting, Mead proved the k > n case with a
similar technique as the k < n case.

We are still working on developing a lemma for the k > n case of
the non-commutative BDDK formula.

This has not been finalized yet and will require further work.
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