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Background and Recent Research

Sudoku is a game that originated in Asia and has rapidly taken the United States by storm in the previous year.  A traditional Sudoku consists of a nine by nine grid which is then split into nine three by three sub-grids.  While its specific origination is sometimes questionable, the rules are always the same:  each row, column, and sub-grid of nine squares must contain the numbers one through nine exactly once.  The player is always given a grid with at least seventeen numbers filled in, and each valid Sudoku has only one unique solution that can be reached logically (the minimum is seventeen since no on has been able to demonstrate the uniqueness of a sudoku with only sixteen givens).  An example sudoku is as follows:
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Since these number games have just recently caught fire, most of the research on them is fairly new.  For example, in June 2005, Bertram Felgenhauer and Frazer Jarvis found the possible number of Sudoku games as 6,670,903,752,021,072,936,960, or   6.671 x 1021.  This is quite amazing since this is only the possible number of solutions and not the possible number of games, when one solution can render a vast number of games (as the creator can continually take more and more numbers off of the grid).

Different Variations of Sudoku


While 9x9 sudoku grids are the most popular and printed more often, there are also other variations of these games.  Some newspapers publish sudoku grids that are larger than 9x9 (12x12, 15x15, and 16x16 are common), which are generalized into the category of superdokus.  Shidokus are 4x4 mini games, and godokus are 5x5 grids in which the sub-grids look more like Tetris pieces than squares, since it is a prime sudoku.  Another common smaller sudoku is the 6x6 roku doku, and these smaller games fall in to the category of subdokus.  We will be spending the rest of our time focusing on the properties of a 4x4 shidoku.

How Many Possible Solutions for a Shidoku?


Before we can discuss what we can do with a shidoku, we must find all of the possible solutions.  Given the same rules as for the original sudoku (except now applying to the numbers one through four), a simple enumeration is below.  


The first sub-grid (we will use the upper left sub-grid for convenience) can easily be set at 4! possibilities since there are no other numbers in the grid yet.  Following this, I originally assumed that thus the upper right and bottom right sub-grid could each be set at 22 possibilities.  Add the fact that this procedure would make the remaining sub-grid unique and one quickly arrives at 384 possible solutions.  However, out of the sixteen possible solutions rendered when given a fixed upper left sub-grid (or any sub-grid for that matter), four solutions will always be impossible.  This then lowers the number of possible solutions to 288.  Dr. Don Tosh of Evangel University also created a program in APL which found the same number of solutions in October 2005.

Note:  While doing this research in early September, I found 384 solutions posted on one of my reference pages, but when I noticed the error and went back to the page to examine the logic, the number had been changed to 288. 

The following grids are the four impossible solutions when the upper left box is fixed in a 1, 2, 3, 4 fashion.  It is interesting (although not unexpected) that they are all variations of one another.
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What Are the Minimum Number of Clues Necessary?


The best way to proceed with this question would be to try to determine the minimum number of clues and then prove that it is impossible to have less than this number.  To do this, we will use a model that is similar to one by Sourendu Gupta, where we proceed with a blank grid just listing all of the possibilities for a given square.
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Since we desire to place numbers in positions that will create the 


most impact, we will use caution and always use different 


numbers.  Let us start by putting a ‘1’ in the upper left corner.
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Putting the ‘1’ in this position has now affected the 

squares shaded in green (there are less possibilities

for these boxes).  The box in the lower right would

now be the most logical box to explore since any

number placed there will affect six already 

untouched boxes and still allow for symmetry. 
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With just these two clues we have affected all but two of the 

 
boxes of the grid, but cannot derive a unique solution. To try and

 
accomplish a unique shidoku with just three solutions, we will 


put a ‘3’ in the top box that has not yet been affected.
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Remark:  As long as there are numbers in three boxes and all four columns or all four rows, there is a unique solution for four numbers.

To prove that a unique solution is impossible with three numbers, it is best to continue with cases.


It can be easily shown that any three clues that are the same (e.g. all ‘2’s) will never render anything unique, as well as any three numbers that are in the same row, column, or sub-grid.  The third case, consisting of three clues with only two different numbers, in any position, will not complete a unique grid either.  This brings our focus to the fourth case in which the three numbers are distinct and spanning different rows, columns, and sub-grids.  However, this proves incomplete as well, as only eight boxes can be determined. 


The fifth case is the most interesting, since it involves having three distinct numbers, but with two in the same row, column, or sub-grid.  By doing this, it is often possible to ‘fix’ one sub-grid, but only two unknown numbers can be found outside of this sub-grid.  


In my opinion, the inability to create a unique game with just three clues stems from the fact that each clue only affects seven other positions on the game board.  If the clues were able to affect more positions this may not be the case.

Different Game Levels
 


While all of these small shidoku seem trivial to mathematics students and mathematicians, they may actually have applications in mathematics education.  One of the chief criticisms of Jean Piaget’s work is that many people believe that his stages of development are inaccurately timed, and that children may be able to think about possibilities and abstract ideas long before his predetermined timeframe.  These smaller puzzles may be helpful to elementary school and middle school math teachers, showing the teacher how well the student can assess possibilities and think abstractly, thus allowing the teacher to determine where to place the student academically or better tailor mathematics education to their level.  This being said, I have categorized possible games into three categories:  easy, medium, and hard.  After exploring many ways to assign shidokus to these groups, I have decided on basing it upon the number of boxes removed from the unique solutions.  Easy games have four to six boxes removed, medium games have seven to nine boxes removed, and hard games have ten to twelve boxes removed.  Following are examples of each level of game.
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         EASY                                MEDIUM                                   HARD


This method of classifying is useful, since games with more numbers removed have fewer squares that can be filled in solely by already given information.  This means that before students could find some of the clues, they must realize that other squares are necessary first.  Following are the same three puzzles, but with the squares highlighted that can be derived solely off of the original clues.  Notice how the number of highlighted boxes decreases with each level of difficulty.

[image: image16.wmf]1

4

2

3

[image: image17.emf]3 1

2 1 3

1 4

2 3 1

[image: image18.emf]1 3

4 2

4 3

2 4

 

          EASY                               MEDIUM                                HARD

Concluding Remarks and Further Research


While we do know the number of solutions for both the 4x4 shidoku and the 9x9 sudoku, no one has discovered how many possible games can be generated out of these solutions.  I estimate that for a shidoku, at least 250,000 to 500,000 games can be created out of the 288 solutions.  If this estimate is correct, the number of games for a 9x9 sudoku would be astronomical.

References:

http://theory.tifr.res.in/~sgupta/sudoku/shidoku.html 
· a website created my Sourendu Gupta, a member of the Department of Theoretical Physics in the Tata Institute of Fundamental Research.  He discusses all types of sudokus on these pages.

http://research.att.com/cgi-bin/access.cgi/as/njas/sequences/eisA.cgi?Anum=a107739 this provides an alternate proof to the 288 solutions.

http://www.shef.ac.uk/~pm1afj/sudoku/sudoku.pdf - this is the article written by Frazer Jarvis and Bertram Felgenhauer with the enumeration of the 9x9 sudoku grid.
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The shidoku with three clues does look promising, but still does not render a unique solution.  We will 


continue and but a ‘4’ in the only box that has not yet been affected.








With four clues our grid can be completed and is unique.  We will now proceed to prove that less than four clues will not be unique.
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